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Finite dimensional simple modules of (q,Q)-current algebras
Ryosuke Kodera and Kentaro Wada
Abstract. The (q,Q)-current algebra associated with the general linear Lie al-
gebra was introduced by the second author in the study of representation theory
of cyclotomic q-Schur algebras. In this paper, we study the (q,Q)-current algebra
Uq(sl
〈Q〉
n
[x]) associated with the special linear Lie algebra sln. In particular, we
classify finite dimensional simple Uq(sl
〈Q〉
n
[x])-modules.
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§ 0. Introduction
0.1. The (q,Q)-current algebra associated with the general linear Lie algebra was
introduced in [W16] to study the representation theory of cyclotomic q-Schur al-
gebras. (In fact, the algebra introduced in [W16] is isomorphic to a (q,Q)-current
algebra, considered in this paper, with special parameters. See Appendix D for these
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connections.) We expected that the (q,Q)-current algebra has good properties like
quantum groups.
0.2. In this paper, we study the (q,Q)-current algebra Uq(sl
〈Q〉
n [x]) associated with
the special linear Lie algebra sln. The (q,Q)-current algebra Uq(sl
〈Q〉
n [x]) has pa-
rameters q ∈ C× and Q = (Q1, Q2, . . . , Qn−1) ∈ C
n−1.
In the case where q = 1, the algebra U1(sl
〈Q〉
n [x]) is isomorphic to the universal
enveloping algebra of the deformed current Lie algebra sl〈Q〉n [x] given in [W18] un-
der avoiding some ambiguities of signs (see Remark 1.3 (ii)). We remark that the
deformed current Lie algebra sl〈Q〉n [x] is isomorphic to the polynomial current Lie
algebra sln[x] if Q = (0, . . . , 0).
On the other hand, in the case where Q = 0 = (0, . . . , 0), the algebra Uq(sl
〈0〉
n [x])
is a subalgebra of the quantum loop algebra Uq(Lsln). This connection corresponds
to the fact that the polynomial current Lie algebra sln[x] = sln⊗C[x] is a subalgebra
of the loop Lie algebra Lsln = sln ⊗ C[x, x
−1] in the natural way (see Remark
2.5 (i)). By using the explicit description in [FT] for the coproduct of Uq(Lsln)
under Drinfeld’s new generators, we see that the coproduct of Uq(Lsln) induces the
coproduct of Uq(sl
〈0〉
n [x]) by the restriction (see Proposition 3.2).
In general, we prove that the algebra Uq(sl
〈Q〉
n [x]) is a subalgebra of a quotient of
a shifted quantum affine algebra Ub,0 introduced in [FT]. The quotient is obtained
by regarding some central elements in Ub,0 as scalars depending on the parameters
Q1, . . . , Qn−1. (see Proposition 2.4 for details). Then, by applying an analogy of the
argument in [FT], we have the following theorem.
Theorem 0.3 (Proposition 1.12, Theorem 3.9 and Proposition 3.10).
(i) There exist injective algebra homomorphisms ι
〈Q〉
+ and ι
〈Q〉
− from Uq(sl
〈Q〉
n [x])
to Uq(sl
〈0〉
n [x]).
(ii) The algebra Uq(sl
〈Q〉
n [x]) is a right (resp. left) coideal subalgebra of Uq(sl
〈0〉
n [x])
through the injection ι
〈Q〉
− (resp. ι
〈Q〉
+ ).
0.4. The goal of this paper is to classify the finite dimensional simple modules
of Uq(sl
〈Q〉
n [x]) in the case where q is not a root of unity. The algebra Uq(sl
〈Q〉
n [x])
has a triangular decomposition (Theorem 1.10), and we see that every finite dimen-
sional simple Uq(sl
〈Q〉
n [x])-module is a highest weight module in the usual manner.
Thus, it is enough to classify the highest weights such that the corresponding simple
highest weight modules are finite dimensional. The highest weight for a highest
weight Uq(sl
〈Q〉
n [x])-module is described by an element of (C
× ×
∏
t>0 C)
n−1. For
u = ((λi, (ui,t)t>0))1≤i≤n−1 ∈ (C
××
∏
t>0C)
n−1, we denote the simple highest weight
Uq(sl
〈Q〉
n [x])-module of the highest weight u by L(u) (see §5 for details).
In order to describe the highest weights for finite dimensional simple Uq(sl
〈Q〉
n [x])-
modules, we prepare some combinatorics as follows.
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For t, k ∈ Z>0, we define the symmetric polynomial pt(q)(x1, x2, . . . , xk) with
variables x1, x2, . . . , xk by
pt(q)(x1, x2, . . . , xk) :=
∑
λ⊢t
ℓ(λ)≤k
q−ℓ(λ)(q − q−1)ℓ(λ)−1mλ(x1, x2, . . . , xk),
where we denote by λ ⊢ t if λ is a partition of t, denote by ℓ(λ) the length of λ
and denote by mλ(x1, x2, . . . , xk) the monomial symmetric polynomial associated
with λ. For t, k ∈ Z>0 and Q, β ∈ C
×, we also define the symmetric polynomial
p
〈Q〉
t (q; β)(x1, x2, . . . , xk) by
p
〈Q〉
t (q; β)(x1, x2, . . . , xk)
:= pt(q)(x1, x2, . . . , xk) + β˜Q
−t + (q − q−1)
t−1∑
z=1
β˜Q−t+zpz(q)(x1, x2, . . . , xk),
where we put β˜ = (q − q−1)−1(1 − β−2). We remark that, in the case where q = 1,
the polynomial pt(1)(x1, x2, . . . , xk) coincides with the power sum symmetric poly-
nomial of degree t. We also remark that, in the case where β = ±1, we have
p
〈Q〉
t (q;±1)(x1, x2, . . . , xk) = pt(q)(x1, x2, . . . , xk).
Let C[x] be the polynomial ring over C with an indeterminate variable x. For
ϕ ∈ C[x], we denote the leading coefficient of ϕ by βϕ. Then we define a map
u〈Q〉 : C[x] \ {0} → C× ×
∏
t>0C by
u〈Q〉(ϕ) =

(βϕ, (0)t>0) if Q = 0 and degϕ = 0,
(βϕq
degϕ, (pt(q)(γ1, γ2, . . . , γk))t>0) if Q = 0 and degϕ > 0,
(βϕ, (β˜ϕQ
−t)t>0) if Q 6= 0 and degϕ = 0,
(βϕq
degϕ, (p
〈Q〉
t (q; βϕ)(γ1, γ2, . . . , γk))t>0) if Q 6= 0 and degϕ > 0
for ϕ = βϕ(x− γ1)(x− γ2) . . . (x− γk) ∈ C[x] \ {0}. For Q ∈ C, set
C[x]〈Q〉 =
{
{ϕ ∈ C[x] \ {0} | βϕ = ±1} if Q = 0,
{ϕ ∈ C[x] \ {0} | β−2ϕ Q
−1 is not a root of ϕ} if Q 6= 0.
Then we have the following classification of the isomorphism classes of finite dimen-
sional simple Uq(sl
〈Q〉
n [x])-modules.
Theorem 0.5 (Theorem 10.5). There exists the bijection between
∏
1≤i≤n−1C[x]
〈Qi〉
and the isomorphism classes of finite dimensional simple Uq(sl
〈Q〉
n [x])-modules given
by (ϕi)1≤i≤n−1 7→ L((u
〈Qi〉(ϕi))1≤i≤n−1).
We remark that the simple highest weight module L((u〈Qi〉(ϕi))1≤i≤n−1) is finite
dimensional even if ϕi 6∈ C[x]
〈Qi〉 for some i such that Qi 6= 0 although it is infinite
dimensional if ϕi 6∈ C[x]
〈0〉 for some i such that Qi = 0. In the case where Q 6= 0,
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the map u〈Q〉 : C[x] \ {0} → C××
∏
t>0 C is not injective, and we have the following
proposition.
Proposition 0.6 (Proposition 9.5). For ϕ, ϕ′ ∈ C[x]\{0} such that degϕ ≥ degϕ′,
we have that u〈Q〉(ϕ) = u〈Q〉(ϕ′) if and only if
ϕ = q−(degϕ−degϕ
′)ϕ′
degϕ−degϕ′∏
z=1
(x− q−2(z−1)β−2ϕ Q
−1).
Thanks to this proposition, we can take the set
∏
1≤i≤n−1C[x]
〈Qi〉 as an index
set for the isomorphism classes of finite dimensional simple Uq(sl
〈Q〉
n [x])-modules.
We also remark that, in the case where Q = 0 = (0, . . . , 0), the algebra
Uq(sl
〈0〉
n [x]) is a subalgebra of the quantum loop algebra Uq(Lsln), and the argu-
ment to classify finite dimensional simple Uq(sl
〈0〉
n [x])-modules is essentially same as
the argument for Uq(Lsln) given in [CP91] and [CP94a]. However, in the case where
Q 6= (0, . . . , 0), we need more careful treatments.
0.7. In the theory of quantum loop algebras and shifted quantum affine algebras,
we usually use generating functions for generators. In order to describe the corre-
sponding statements for Uq(sl
〈Q〉
n [x]), we need other generators Ψ
+
i,t ∈ Uq(sl
〈Q〉
n [x])
(1 ≤ i ≤ n− 1, t ≥ −bi) defined by (2.6.1) and (2.6.2). We consider the generating
function Ψ+i (ω) =
∑
t≥−bi
Ψ+i,tω
t. We also define a map ♭ : C[x]→ C[ω] (ϕ 7→ ϕ♭(ω))
by
ϕ♭(ω) = (1− γ1ω)(1− γ2ω) . . . (1− γkω)
if ϕ = βϕ(x− γ1)(x− γ2) . . . (x− γk). Then we have the following corollary.
Corollary 0.8 (Corollary 8.13 and Corollary 9.7). For (ϕi)1≤i≤n−1 ∈
∏
1≤i≤n−1C[x]
〈Qi〉,
let v0 be a highest weight vector of L((u
〈Qi〉(ϕi))1≤i≤n−1). Then we have
Ψ+i (ω) · v0 =

βϕiq
degϕi
ϕ♭i(q
−2ω)
ϕ♭i(ω)
v0 if Qi = 0,
qdegϕi
ϕ♭i(q
−2ω)
ϕ♭i(ω)
(β−1ϕi −Qiβϕiω
−1)v0 if Qi 6= 0
for i = 1, 2, . . . , n− 1.
We remark that Corollary 0.8 is an analogue of the statement for shifted Yan-
gians given in [BK, Corollary 7.10] and [KTWWY, Theorem 3.5].
0.9. After writing the first version of this paper, Alexander Tsymbaliuk informed us
that he and Michael Finkelberg obtained a classification of finite dimensional simple
modules of shifted quantum affine algebras of type A. Unfortunately, their work is
unpublished.
Acknowledgements: The authors are grateful to Hiraku Nakajima and Yoshi-
hisa Saito for their useful suggestions and discussions. The authors are also grateful
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The first author was supported by JSPS KAKENHI Grant Number JP17H06127 and
JP18K13390. The second author was supported by JSPS KAKENHI Grant Number
JP16K17565.
§ 1. The (q,Q)-current algebra Uq(sl
〈Q〉
n [x])
In this section, we give a definition of the (q,Q)-current algebra Uq(sl
〈Q〉
n [x])
associated with the special linear Lie algebra sln. We also give some basic properties
of Uq(sl
〈Q〉
n [x]).
1.1. For v ∈ C× and any elements x, y of an associative algebra over C, we put
[x, y]v = xy − vyx. In the case where v = 1, we denote [x, y]1 = xy − yx by [x, y]
simply.
Put I = {1, 2, . . . , n− 1}. Let A = (aij)i,j∈I be the Cartan matrix of type An−1,
namely we have aii = 2, ai,i±1 = −1 and aij = 0 if j 6= i, i± 1.
Take q ∈ C×. Put [k] = (q−q−1)−1(qk−q−k) for k ∈ Z, and [k]! = [k][k−1] . . . [1]
for k ∈ Z>0 with [0]! = 1.
We define the (q,Q)-current algebra Uq(sl
〈Q〉
n [x]) associated with the special
linear Lie algebra sln as follows.
Definition 1.2. For q ∈ C× and Q = (Q1, Q2, . . . , Qn−1) ∈ C
I , we define an asso-
ciative algebra Uq(sl
〈Q〉
n [x]) over C by the following generators and defining relations:
Generators: X±i,t, Ji,t, K
±
i (i ∈ I, t ∈ Z≥0),
Defining relations:
[K+i , K
+
j ] = [K
+
i , Jj,t] = [Ji,s, Jj,t] = 0,(Q1-1)
K+i K
−
i = 1 = K
−
i K
+
i , (K
−
i )
2 = 1− (q − q−1)Ji,0,(Q1-2)
X+i,t+1X
+
j,s − q
aijX+j,sX
+
i,t+1 = q
aijX+i,tX
+
j,s+1 −X
+
j,s+1X
+
i,t,(Q2)
X−i,t+1X
−
j,s − q
−aijX−j,sX
−
i,t+1 = q
−aijX−i,tX
−
j,s+1 −X
−
j,s+1X
−
i,t,(Q3)
K+i X
+
j,tK
−
i = q
aijX+j,t,(Q4-1)
qaijJi,0X
+
j,t − q
−aijX+j,tJi,0 = [aij]X
+
j,t,(Q4-2)
[Ji,s+1, X
+
j,t] = q
aijJi,sX
+
j,t+1 − q
−aijX+j,t+1Ji,s,(Q4-3)
K+i X
−
j,tK
−
i = q
−aijX−j,t,(Q5-1)
q−aijJi,0X
−
j,t − q
aijX−j,tJi,0 = [−aij ]X
−
j,t,(Q5-2)
[Ji,s+1, X
−
j,t] = q
−aijJi,sX
−
j,t+1 − q
aijX−j,t+1Ji,s,(Q5-3)
[X+i,t, X
−
j,s] = δi,jK
+
i (Ji,s+t −QiJi,s+t+1),(Q6)
[X+i,t, X
+
j,s] = 0 if j 6= i, i± 1,(Q7)
X+i±1,u(X
+
i,sX
+
i,t +X
+
i,tX
+
i,s) + (X
+
i,sX
+
i,t +X
+
i,tX
+
i,s)X
+
i±1,u
= (q + q−1)(X+i,sX
+
i±1,uX
+
i,t +X
+
i,tX
+
i±1,uX
+
i,s),
[X−i,t, X
−
j,s] = 0 if j 6= i, i± 1,(Q8)
X−i±1,u(X
−
i,sX
−
i,t +X
−
i,tX
−
i,s) + (X
−
i,sX
−
i,t +X
−
i,tX
−
i,s)X
−
i±1,u
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= (q + q−1)(X−i,sX
−
i±1,uX
−
i,t +X
−
i,tX
−
i±1,uX
−
i,s).
We call Uq(sl
〈Q〉
n [x]) the (q,Q)-current algebra associated with sln. We denote
Uq(sl
〈Q〉
n [x]) by U
〈Q〉
q simply unless there is any confusion.
Remarks 1.3.
(i) If q 6= 1, the relation (Q4-2) (resp. (Q5-2)) follows from the relations (Q1-2)
and (Q4-1) (resp. (Q1-2) and (Q5-1)).
(ii) In the case where q = 1, we see easily that U1(sl
〈Q〉
n [x])/〈K
+
i − 1 | i ∈ I〉 is
isomorphic to the universal enveloping algebra of the deformed current Lie
algebra sl〈Q〉n [x] given in [W18, Definition 1.1], where 〈K
+
i − 1 | i ∈ I〉 is the
two-sided ideal of U1(sl
〈Q〉
n [x]) generated by {K
+
i − 1 | i ∈ I}. Under this
isomorphism, the generators X±i,t and Ji,t of U1(sl
〈Q〉
n [x]) correspond to the
generators of the enveloping algebra of sl〈Q〉n [x] denoted by the same symbols
respectively. We note that sl〈Q〉n [x] is isomorphic to the polynomial current
Lie algebra sln[x] if Q = (0, . . . , 0).
¿From the defining relations, we can easily check the following lemma.
Lemma 1.4. There exists the algebra anti-involution † : U
〈Q〉
q → U
〈Q〉
q such that
†(X±i,t) = X
∓
i,t, †(Ji,t) = Ji,t and †(K
±
i ) = K
±
i for i ∈ I and t ∈ Z≥0.
1.5. The relation (Q1-2) implies that
Ji,0 =
1− (K−i )
2
q − q−1
(1.5.1)
if q2 6= 1. By the relations (Q4-2), (Q4-3), (Q5-2) and (Q5-3), we have
[Ji,1, X
±
i,t] = ±[2]X
±
i,t+1.(1.5.2)
This implies that
X±i,t+1 = ±
1
[2]
[Ji,1, X
±
i,t](1.5.3)
if q2 6= −1. The relations (Q1-2) and (Q6) imply that
Ji,t+1 =
{
K−i [X
+
i,t+1, X
−
i,0] if Qi = 0,
Q−1i Ji,t −Q
−1
i K
−
i [X
+
i,t, X
−
i,0] if Qi 6= 0.
(1.5.4)
Thanks to the relations (1.5.1), (1.5.3) and (1.5.4), we have the following lemma.
Lemma 1.6. Assume that q2 6= ±1. The algebra Uq(sl
〈Q〉
n [x]) is generated by X
±
i,0
Ji,1 and K
±
i for i ∈ I.
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1.7. Let U±q,Q be a subalgebra of U
〈Q〉
q generated by X
±
i,t ((i, t) ∈ I ×Z≥0), and U
0
q,Q
be a subalgebra of U
〈Q〉
q generated by Ji,t ((i, t) ∈ I × Z≥0) and K
±
i (i ∈ I). ¿From
the defining relations, we see that
U 〈Q〉q = U
−
q,Q · U
0
q,Q · U
+
q,Q.(1.7.1)
1.8. Through the connection with the shifted quantum affine algebra given in the
next section, and using the PBW theorem for the quantum loop algebra in [T], we
can obtain the PBW theorem for U
〈Q〉
q . In this section, we give only the statement
of PBW theorem for U
〈Q〉
q , and a proof is given in Appendix A.
1.9. Let {α1, α2, . . . , αn−1} be the set of simple roots of sln, and
∆+ = {αi,j := αi + αi+1 + · · ·+ αj−1 | 1 ≤ i < j ≤ n}
be the set of positive roots. We define a total order on ∆+ by
αi,j ≤ αi′,j′ if i < i
′ or i = i′, j ≤ j′.
We also define a total order on ∆+ × Z by
(β, t) ≤ (β ′, t′) if β < β ′ or β = β ′, t ≤ t′.
Let H≥0 denote the set of all functions h : ∆
+ × Z≥0 → Z≥0 with finite support.
For (αi,j, t) ∈ ∆
+ × Z≥0, put
X+αi,j (t) := [[. . . [[X
+
j−1,0, X
+
j−2,0]q, X
+
j−3,0]q, . . . , X
+
i+1,0]q, X
+
i,t]q,
X−αi,j (t) := [X
−
i,t, [X
−
i+1,0, . . . , [X
−
j−3,0[X
−
j−2,0, X
−
j−1,0]q]q . . . ]q]q.
For h ∈ H≥0, put
X+h :=
→∏
(β,t)∈∆+×Z≥0
X+β (t)
h(β,t), X−h :=
←∏
(β,t)∈∆+×Z≥0
X−β (t)
h(β,t).
We define a total order on I ×Z≥0 by (i, t) ≤ (i
′, t′) if i < i′ or i = i′, t ≤ t′. Let H0
denote the set of all functions h0 : I × Z>0 → Z≥0 with finite support, and put
Jh0 :=
→∏
(i,t)∈I×Z>0
J
h0(i,t)
i,t
for h0 ∈ H0. For k = (k1, k2, . . . , kn−1) ∈ Z
I , put
Kk = Kk11 K
k2
2 . . .K
kn−1
n−1 .
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(Note that Ji,0 = (q− q
−1)−1(1− (K−i )
2) by the relation (Q1-1).) Then we have the
following theorem.
Theorem 1.10. Assume that q 6= ±1, then we have the following.
(i) The multiplication map
U−q,Q ⊗ U
0
q,Q ⊗ U
+
q,Q → U
〈Q〉
q
gives an isomorphism of vector spaces.
(ii) (a) {X+h | h ∈ H≥0} gives a C-basis of U
+
q,Q.
(b) {X−h | h ∈ H≥0} gives a C-basis of U
−
q,Q.
(c) {KkJh0 | k ∈ Z
I , h0 ∈ H0} gives a C-basis of U
0
q,Q.
(d) {X−h K
kJh0K
+
h′ | h, h
′ ∈ H≥0, h0 ∈ H0,k ∈ Z
I} gives a C-basis of U
〈Q〉
q .
(iii) (a) The algebra U+q,Q is generated by {X
+
i,t | (i, t) ∈ I × Z≥0} subject to the
defining relations (Q2) and (Q7).
(b) The algebra U−q,Q is generated by {X
−
i,t | (i, t) ∈ I × Z≥0} subject to the
defining relations (Q3) and (Q8).
(c) The algebra U0q,Q is generated by {Ji,t, K
±
i | i ∈ I, t ∈ Z≥0} subject to
the defining relations (Q1-1) and (Q1-2).
Proof. See Appendix A. 
1.11. In the next section, we give a connection with the shifted quantum affine
algebras introduced in [FT]. In particular, we see that U
〈0〉
q , where 0 = (0, . . . , 0),
turns out to be a Hopf subalgebra of the quantum loop algebra Uq(Lsln) associated
with sln. Then the injective algebra homomorphisms ι
〈Q〉
± : U
〈Q〉
q → U
〈0〉
q given in
the following proposition have an important role in this paper.
Proposition 1.12. Assume that q2 6= ±1. We have the followings.
(i) There exists an injective algebra homomorphism ι
〈Q〉
+ : U
〈Q〉
q → U
〈0〉
q such that
X+i,t 7→ X
+
i,t −QiX
+
i,t+1, X
−
i,t 7→ X
−
i,t, K
±
i 7→ K
±
i , Ji,t 7→ Ji,t.
(ii) There exists an injective algebra homomorphism ι
〈Q〉
− : U
〈Q〉
q → U
〈0〉
q such that
X+i,t 7→ X
+
i,t, X
−
i,t 7→ X
−
i,t −QiX
−
i,t+1, K
±
i 7→ K
±
i , Ji,t 7→ Ji,t.
Proof. We can prove the well-defindness of the homomorphisms ι
〈Q〉
± by checking the
defining relations directly.
In order to show the injectivity, it is enough to show that the restrictions of ι
〈Q〉
±
to each subalgebras U+q,Q, U
−
q,Q and U
0
q,Q are injective thanks to Theorem 1.10. By
Theorem 1.10 (iii) and the definitions of ι
〈Q〉
± , it is clear that the restrictions ι
〈Q〉
+ |U−
q,Q
,
ι
〈Q〉
− |U+
q,Q
and ι
〈Q〉
± |U0
q,Q
are injective. We prove the restriction ι
〈Q〉
+ |U+
q,Q
is injective.
The injectivity of ι
〈Q〉
− |U−
q,Q
is similar.
Let U+ be the associative algebra generated by X+i,t ((i, t) ∈ I ×Z≥0) subject to
the defining relations (Q2) and (Q7). Then both U+q,Q and U
+
q,0 are isomorphic to
the algebra U+ in natural way by Theorem 1.10 (iii)-(a), and the homomorphism
Finite dimensional simple modules of (q,Q)-current algebras 9
ι
〈Q〉
+ |U+
q,Q
coincides with the endomorphism ι+ : U+ → U+ (X+i,t 7→ X
+
i,t − QiX
+
i,t+1).
We prove that the endomorphism ι+ is injective. We see that the algebra U+ becomes
a Z-graded algebra by putting deg(X+i,t) = t for (i, t) ∈ I × Z≥0. Then, for x ∈ U
+,
we can write x =
∑
t≥s xt with deg(xt) = t for some s ∈ Z≥0. ¿From the definition
of ι+, we see that ι(x) = xs +
∑
t>s x
′
t with deg(x
′
t) = t. Thus, we have ι
+(x) 6= 0 if
x 6= 0, and ι+ is injective. 
Remark 1.13. The injections in Proposition 1.12 are certain modifications of ones
in [FT, Lemma 10.18] (see Remarks 2.5 (ii)).
§ 2. A connection with the shifted quantum affine algebras
In this section, we give a connection between the (q,Q)-current algebra and
the shifted quantum affine algebra introduced in [FT]. In fact, the (q,Q)-current
algebra turns out to be a subalgebra of a shifted quantum affine algebra with a
suitable shift. We recall the definition of the shifted quantum affine algebras in [FT]
whose shifts are at most 1 since we need only these shifts.
Definition 2.1 ([FT]). For q ∈ C \ {0,±1} and b = (b1, b2, . . . , bn−1) ∈ {0, 1}
I, the
shifted quantum affine algebra Ub,0 is an associative algebra over C generated by ei,t,
fi,t ((i, t) ∈ I × Z), ψ
+
i,si
((i, si) ∈ I × Z≥−bi), (ψ
+
i,−bi
)−1, ψ−i,s ((i, s) ∈ I × Z≤0) and
(ψ−i,0)
−1 subject to the following defining relations:
[ψ+i,si , ψ
+
j,tj
] = [ψ+i,si , ψ
−
j,t] = [ψ
−
i,s, ψ
−
j,t] = 0 (si ≥ −bi, tj ≥ −bj , s, t ≤ 0),(U1)
ψ+i,−bi(ψ
+
i,−bi
)−1 = (ψ+i,−bi)
−1ψ+i,−bi = 1, ψ
−
i,0(ψ
−
i,0)
−1 = (ψ−i,0)
−1ψ−i,0 = 1,
ei,t+1ej,s − q
aijej,sei,t+1 = q
aijei,tej,s+1 − ej,s+1ei,t (s, t ∈ Z),(U2)
fi,t+1fj,s − q
−aijfj,sfi,t+1 = q
−aijfi,tfj,s+1 − fj,s+1fi,t (s, t ∈ Z),(U3)
ψ+i,−biej,s(ψ
+
i,−bi
)−1 = qaijej,s, ψ
−
i,0ej,s(ψ
−
i,0)
−1 = q−aijej,s,(U4)
ψ+i,t+1ej,s − q
aijej,sψ
+
i,t+1 = q
aijψ+i,tej,s+1 − ej,s+1ψ
+
i,t (s ∈ Z, t ≥ −bi),
ψ−i,tej,s−1 − q
aijej,s−1ψ
−
i,t = q
aijψ−i,t−1ej,s − ej,sψ
−
i,t−1 (s ∈ Z, t ≤ 0),
ψ+i,−bifj,s(ψ
+
i,−bi
)−1 = q−aijfj,s, ψ
−
i,0fj,s(ψ
−
i,0)
−1 = qaijfj,s,(U5)
ψ+i,t+1fj,s − q
−aijfj,sψ
+
i,t+1 = q
−aijψ+i,tfj,s+1 − fj,s+1ψ
+
i,t (s ∈ Z, t ≥ −bi),
ψ−i,tfj,s−1 − q
−aijfj,s−1ψ
−
i,t = q
−aijψ−i,t−1fj,s − fj,sψ
−
i,t−1 (s ∈ Z, t ≤ 0),
[ei,t, fj,s] = δi,j

ψ+i,t+s
q − q−1
if s+ t > 0,
ψ+i,0 − ψ
−
i,0
q − q−1
if s+ t = 0,
ψ+i,−1 − ψ
−
i,−1
q − q−1
if s+ t = −1 and bi = 1,
−ψ−i,t+s
q − q−1
if s+ t < −bi
(s, t ∈ Z),(U6)
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[ei,t, ej,s] = 0 if j 6= i, i± 1 (s, t ∈ Z),(U7)
ei±1,u(ei,sei,t + ei,tei,s) + (ei,sei,t + ei,tei,s)ei±1,u
= (q + q−1)(ei,sei±1,uei,t + ei,tei±1,uei,s) (s, t, u ∈ Z),
[fi,t, fj,s] = 0 if j 6= i, i± 1 (s, t ∈ Z),(U8)
fi±1,u(fi,sfi,t + fi,tfi,s) + (fi,sfi,t + fi,tfi,s)fi±1,u
= (q + q−1)(fi,sfi±1,ufi,t + fi,tfi±1,ufi,s) (s, t, u ∈ Z).
We define the elements {hi,t}i∈I,t>0 by
(ψ+i,−biz
bi)−1(
∑
t≥−bi
ψ+i,tz
−t) = exp((q − q−1)
∑
t>0
hi,tz
−t).
In particular, we have
hi,1 = (q − q
−1)−1(ψ+i,−bi)
−1ψ+i,1−bi .
Remarks 2.2.
(i) For each i ∈ I, the element ψ+i,−biψ
−
i,0 is a central element of Ub,0.
(ii) In the case where b = (0, . . . , 0), the algebra U0,0/〈ψ
+
i,0ψ
−
i,0 − 1 | i ∈ I〉 is
isomorphic to the quantum loop algebra Uq(Lsln) associated with sln.
2.3. For Q = (Q1, Q2, . . . , Qn−1) ∈ C
I , put bQ = (b1, b2, . . . , bn−1) ∈ {0, 1}
I with
bi =
{
0 if Qi = 0,
1 if Qi 6= 0.
Let I〈Q〉 be the two-sided ideal of UbQ,0 generated by {ψ
+
i,−bi
ψ−i,0+Qi+bi−1 | i ∈ I},
and we denote the quotient algebra UbQ,0/I
〈Q〉 by U
〈Q〉
bQ,0
. Then we have
ψ+i,0 = (ψ
−
i,0)
−1 if Qi = 0, and ψ
+
i,−1 = −Qi(ψ
−
i,0)
−1 if Qi 6= 0(2.3.1)
in U
〈Q〉
bQ,0
. In particular, we have U
〈0〉
0,0
∼= Uq(Lsln) if Q = 0 = (0, . . . , 0).
Proposition 2.4. Assume that q 6= ±1. There exists an injective algebra homo-
morphism
Θ〈Q〉 : U 〈Q〉q → U
〈Q〉
bQ,0
,
X+i,t 7→ ei,t, X
−
i,t 7→ fi,t, K
+
i 7→ (ψ
−
i,0)
−1, K−i 7→ ψ
−
i,0,
Ji,t 7→

(q − q−1)−1(1− (ψ−i,0)
2) if t = 0,
(q − q−1)−1ψ+i,tψ
−
i,0 if t > 0 and Qi = 0,
(q − q−1)−1(Q−ti −
∑t
k=1Q
−k
i ψ
+
i,t−kψ
−
i,0) if t > 0 and Qi 6= 0.
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Proof. In order to prove the well-defindness of Θ〈Q〉, we check the relations only
(Q4-3), (Q5-3) and (Q6) since other defining relations of U
〈Q〉
q are clear. For the
relation (Q4-3), we have
Θ〈Q〉([Ji,s+1, X
+
j,t])
=

(q − q−1)−1ψ+i,s+1ψ
−
i,0ej,t − ej,t(q − q
−1)−1ψ+i,s+1ψ
−
i,0 if Qi = 0,
(q − q−1)−1(Q
−(s+1)
i −
∑s+1
k=1Q
−k
i ψ
+
i,s+1−kψ
−
i,0)ej,t
−ej,t(q − q
−1)−1(Q
−(s+1)
i −
∑s+1
k=1Q
−k
i ψ
+
i,s+1−kψ
−
i,0) if Qi 6= 0
=
{
(q − q−1)−1(q−aijψ+i,s+1ej,t − ej,tψ
+
i,s+1)ψ
−
i,0 if Qi = 0,
−(q − q−1)−1
∑s+1
k=1Q
−k
i (q
−aijψ+i,s+1−kej,t − ej,tψ
+
i,s+1−k)ψ
−
i,0 if Qi 6= 0
=
{
(q − q−1)−1(ψ+i,sej,t+1 − q
−aijej,t+1ψ
+
i,s)ψ
−
i,0 if Qi = 0,
−(q − q−1)−1
∑s+1
k=1Q
−k
i (ψ
+
i,s−kej,t+1 − q
−aijej,t+1ψ
+
i,s−k)ψ
−
i,0 if Qi 6= 0
=

qaij (q − q−1)−1ψ+i,sψ
−
i,0ej,t+1 − q
−aijej,t+1(q − q
−1)−1ψ+i,sψ
−
i,0 if Qi = 0,
qaij (q − q−1)−1(−Q
−(s+1)
i ψ
+
i,−1ψ
−
i,0 −
∑s
k=1Q
−k
i ψ
+
i,s−kψ
−
i,0)ej,t+1
−q−aijej,t+1(q − q
−1)−1(−Q
−(s+1)
i ψ
+
i,−1ψ
−
i,0 −
∑s
k=1Q
−k
i ψ
+
i,s−kψ
−
i,0) if Qi 6= 0
= Θ〈Q〉(qaijJi,sX
+
j,t+1 − q
−aijXj,t+1Ji,s),
where we note that ψ+i,−1ψ
−
i,0 = −Qi ∈ U
〈Q〉
bQ,0
if Qi 6= 0 by (2.3.1). The relation
(Q5-3) is similar.
We check the relation (Q6). If s = t = 0, we have
Θ〈Q〉([X+i,t, X
−
j,s])
= [ei,0, fj,0]
= δi,j(q − q
−1)−1(ψ+i,0 − ψ
−
i,0)
= δi,j
{
(ψ−i,0)
−1(q − q−1)−1(1− (ψ−i,0)
2) if Qi = 0,
(ψ−i,0)
−1
(
(q − q−1)−1(1− (ψ−i,0)
2)−Qi(q − q
−1)−1(Q−1i −Q
−1
i ψ
+
i,0ψ
−
i,0)
)
if Qi 6= 0
= Θ〈Q〉(δi,jK
+
i (Ji,0 −QiJi,1))
where we note that ψ+i,0 = (ψ
−
i,0)
−1 ∈ U
〈Q〉
bQ,0
if Qi = 0 by (2.3.1). If s+ t > 0, we have
Θ〈Q〉([X+i,t, X
−
j,s])
= [ei,t, fj,s]
= δi,j(q − q
−1)−1ψ+i,t+s
= δi,j

(ψ−i,0)
−1(q − q−1)−1ψ+i,t+sψ
−
i,0 if Qi = 0,
(ψ−i,0)
−1
{
(q − q−1)(Q
−(t+s)
i −
∑t+s
k=1Q
−k
i ψ
+
i,t+s−kψ
−
i,0)
−Qi(q − q
−1)(Q
−(t+s+1)
i −
∑t+s+1
k=1 Q
−k
i ψ
+
i,t+s+1−kψ
−
i,0)
}
if Qi 6
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= Θ〈Q〉(δi,jK
+
i (Ji,s+t −QiJs+t+1)).
The injectivity of Θ〈Q〉 follows from Theorem 1.10 and [FT, Proposition 5.1]. 
Remarks 2.5.
(i) In the case where Q = 0 = (0, . . . , 0), we see that b0 = 0 and U
〈0〉
0,0
∼=
Uq(Lsln). The quantum loop algebra is a Z-graded algebra with deg(ei,t) =
deg(fi,t) = t, deg(ψ
+
i,s) = s and deg(ψ
−
i,−s) = −s for i ∈ I, t ∈ Z and s ∈ Z≥0.
By the injection Θ〈0〉 : U
〈0〉
q → U
〈0〉
0,0 , we can regard U
〈0〉
q as the subalgebra of
Uq(Lsln) generated by the elements with nonnegative degree. Namely, U
〈0〉
q
is the counter part of the polynomial current Lie algebra sln[x] which is a
Lie subalgebra of the loop Lie algebra Lsln = sln[x, x
−1].
(ii) There are injective algebra homomorphisms
ι′+ : UbQ,0 → U0,0, ei,t 7→ ei,t −Qiei,t+1, fi,t 7→ fi,t, ψ
±
i,t 7→ ψ
±
i,t −Qiψ
±
i,t+1,
ι′− : UbQ,0 → U0,0, ei,t 7→ ei,t, fi,t 7→ fi,t −Qifi,t+1, ψ
±
i,t 7→ ψ
±
i,t −Qiψ
±
i,t+1,
where we put ψ+i,−1 = ψ
−
i,1 = 0 in U0,0. We easily see that the injections ι
′
±
induce the injections ι′± : U
〈Q〉
bQ
→ U
〈0〉
0,0
∼= Uq(Lsln). The injection ι
′
+ (resp.
ι′−) is a certain modification of the injection ιµ,−µ,0 (resp. ιµ,0,−µ) given in
[FT, Lemma 10.18] for the suitable µ through the isomorphism Uscµ,0
∼= Usc0,µ.
We need this modification to obtain the injections from U
〈Q〉
bQ,0
to U
〈0〉
0,0 . Then,
we can check the diagram
U
〈Q〉
q
ι
〈Q〉
±
//
Θ〈Q〉

U
〈0〉
q
Θ〈0〉

U
〈Q〉
bQ,0
ι′±
// U
〈0〉
0.0
∼= Uq(Lsln)
commutes.
2.6. In arguments for quantum loop algebras and shifted quantum affine algebras,
we usually use generating functions for generators. In order to compare with such
arguments, we prepare generating functions for U
〈Q〉
q as follows.
We define generators Ψ+i,t ∈ U
〈Q〉
q (i ∈ I, t ≥ −bi) by
Ψ+i,0 = K
+
i , Ψ
+
i,t = (q − q
−1)K+i Ji,t (t > 0)(2.6.1)
if Qi = 0, and by
Ψ+i,−1 = −QiK
+
i , Ψ
+
i,0 = K
+
i − (q − q
−1)QiK
+
i Ji,1,
Ψ+i,t = (q − q
−1)K+i (Ji,t −QiJi,t+1) (t > 0)
(2.6.2)
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if Qi 6= 0. Then, Proposition 2.4 implies that Θ
〈Q〉(Ψ+i,t) = ψ
+
i,t for i ∈ I and t ≥ −bi.
Set
X±i (ω) :=
∑
t≥0
X±i,tω
t, Ψ+i (ω) :=
∑
t≥−bi
Ψ+i,tω
t
for i ∈ I, then we have
Θ〈Q〉(X+i (ω)) =
∑
t≥0
ei,tω
t, Θ〈Q〉(X−i (ω)) =
∑
t≥0
fi,tω
t, Θ〈Q〉(Ψ+i (ω)) =
∑
t≥−bi
ψ+i,tω
t.
§ 3. Algebra homomorphisms ∆
〈Q〉
r and ∆
〈Q〉
l
3.1. In the case where Q = 0 = (0, . . . , 0), we recall the injective homomorphism
Θ〈0〉 : U
〈0〉
q → U
〈0〉
0,0
∼= Uq(Lsln) in Proposition 2.4. Let ∆ : Uq(Lsln) → Uq(Lsln) ⊗
Uq(Lsln) be the Drinfeld-Jimbo coproduct on Uq(Lsln) (see [FT, Theorem 10.13] for
the coproduct ∆). Then we denote the composition of Θ〈0〉 and ∆ by
∆〈0〉 = ∆ ◦Θ〈0〉 : U 〈0〉q → Uq(Lsln)⊗ Uq(Lsln).
We regard U
〈0〉
q ⊗U
〈0〉
q as a subalgebra of Uq(Lsln)⊗Uq(Lsln) through the injection
Θ〈0〉 ⊗Θ〈0〉. Then we have the following proposition.
Proposition 3.2. Assume that q 6= ±1 and Q = 0 = (0, . . . , 0), then we have
∆〈0〉(U
〈0〉
q ) ⊂ U
〈0〉
q ⊗U
〈0〉
q . In particular, the homomorphism ∆〈0〉 induces the algebra
homomorphism
∆〈0〉 : U 〈0〉q → U
〈0〉
q ⊗ U
〈0〉
q .
Moreover, we have
∆〈0〉(X+i,0) = 1⊗X
+
i,0 +X
+
i,0 ⊗K
+
i , ∆
〈0〉(X−i,0) = X
−
i,0 ⊗ 1 +K
−
i ⊗X
−
i,0,
∆〈0〉(K±i ) = K
±
i ⊗K
±
i
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and
∆〈0〉(Ji,1) = Ji,1 ⊗ 1 + 1⊗ Ji,1 − (q
2 − q−2)X+i,0 ⊗X
−
i,1
+ (q − q−1)
∑
l>i+1
X˜+αi+1,l(0)⊗X
−
αi+1,l
(1)
+ (q − q−1)
∑
k<i
qk+1−iX+αk,i(0)⊗X
−
αk,i
(1)
+ q−2(q − q−1)
∑
l>i+1
[X+i,0, X˜
+
αi+1,l
(0)]q3 ⊗X
−
αi,l
(1)
− (q − q−1)
∑
k<i
qk−i−1[X+i,0, X
+
αk,i
(0)]q3 ⊗X
−
αk,i+1
(1)
+ (q − q−1)2
k<i∑
l>i+1
qk−i(X˜+αi,l(0)X
+
αk,i
(0)− X˜+αi+1,l(0)X
+
αk,i+1
(0))⊗X−αk,l(1),
(3.2.1)
where
X+αi,j (0) = [[. . . [X
+
j−1,0, X
+
j−2,0]q, . . . , X
+
i+1,0]q, X
+
i,0]q,
X˜+αi,j (0) = [[. . . [X
+
j−1,0, X
+
j−2,0]q−1, . . . , X
+
i+1,0]q−1 , X
+
i,0]q−1,
X−αi,j (1) = [X
−
i,1, [X
−
i+1,0, . . . , [X
−
j−2,0, X
−
j−1,0]q . . . ]q]q.
Proof. By Lemma 1.6, it is enough to check that ∆〈0〉(X±i,0), ∆
〈0〉(Ji,1) and ∆
〈0〉(K±i )
belong to U
〈0〉
q ⊗ U
〈0〉
q for i ∈ I. Note that
Θ〈0〉(K+i ) = (ψ
−
i,0)
−1 = ψ+i,0, Θ
〈0〉(K−i ) = ψ
−
i,0,
Θ〈0〉(Ji,1) = (q − q
−1)−1ψ+i,1ψ
−
i,0 = hi,1,
Θ〈0〉(X+i,0) = ei,0, Θ
〈0〉(X−i,0) = fi,0.
Moreover, we see that
Θ〈0〉(X+αi,j (0)) = [[. . . [ej−1,0, ej−2,0]q, . . . , ei+1,0]q, ei,0]q,
Θ〈0〉(X˜+αi,j (0)) = [[. . . [ej−1,0, ej−2,0]q−1 , . . . , ei+1,0]q−1 , ei,0]q−1 ,
Θ〈0〉(X−αi,j (1)) = [fi,1, [fi+1,0, . . . , [fj−2,0, fj−1,0]q . . . ]q]q,
Then, the proposition follows from [FT, Theorem 10.13]. (In [FT, Theorem 10.13],
the elements Θ〈0〉(X+αi,j (0)), Θ
〈0〉(X˜+αi,j (0)) and Θ
〈0〉(X−αi,j (1)) are denoted by E˜
(0)
ij ,
E
(0)
ij and F
(1)
ji respectively.) 
Remark 3.3. In fact, the statement ∆〈0〉(U
〈0〉
q ) ⊂ U
〈0〉
q ⊗U
〈0〉
q immediately follows
from the RTT presentation of the quantum loop algebra and the Drinfeld-Jimbo
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coproduct. The RTT presentation is crucially used in [FT, Appendix G] to derive
the formula for ∆(hi,1) which we recalled in the above proof. These were pointed
out by Alexander Tsymbaliuk after writing the first version of this paper.
Remark 3.4. In the case where q = ±1 and Q = 0, we can define the algebra
homomorphism ∆〈0〉 : U
〈0〉
q → U
〈0〉
q ⊗ U
〈0〉
q by
∆〈0〉(X+i,t) = 1⊗X
+
i,t +X
+
i,t ⊗K
+
i , ∆
〈0〉(X−i,t) = X
−
i,0 ⊗ 1 +K
−
i ⊗X
−
i,t,
∆〈0〉(K±i ) = K
±
i ⊗K
±
i , ∆
〈0〉(Ji,t) = Ji,t ⊗ 1 + 1⊗ Ji,t.
In this case, we can check the well-defindness by direct calculations.
3.5. By (1.5.3), we have
∆〈0〉(X+i,1) =
1
[2]
(∆〈0〉(Ji,1)∆
〈0〉(X+i,0)−∆
〈0〉(X+i,0)∆
〈0〉(Ji,1)),
∆〈0〉(X−i,1) = −
1
[2]
(∆〈0〉(Ji,1)∆
〈0〉(X−i,0)−∆
〈0〉(X−i,0)∆
〈0〉(Ji,1)).
Thus, Proposition 3.2 implies the following corollary.
Corollary 3.6. We have
∆〈0〉(X+i,1) = 1⊗X
+
i,1 +X
+
i,1 ⊗K
+
i + (q − q
−1)X+i,0 ⊗K
+
i Ji,1 − q
−1(q − q−1)2X+i,0X
+
i,0 ⊗X
−
i,1K
+
i
+ q(q − q−1)
∑
l>i+1
X˜+αi,l(0)⊗X
−
αi+1,l
(1)K+i
− (q − q−1)2
∑
l>i+1
X+i,0X˜
+
αi,l
(0)⊗X−αi,l(1)K
+
i
− q(q − q−1)
∑
k<i
qk−iX+αk,i+1(0)⊗X
−
αk,i
(1)K+i
− (q − q−1)2
∑
k<i
qk−iX+i,0X
+
αk,i+1
(0)⊗X−αk,i+1(1)K
+
i
− (q − q−1)2
k<i∑
l>i+1
qk−iX˜+αi,l(0)X
+
αk,i+1
(0)⊗X−αk,l(1)K
+
i .
∆〈0〉(X−i,1) = X
−
i,1 ⊗ 1 +K
+
i ⊗X
−
i,1 + q
−1(q − q−1)
∑
l>i+1
X˜+αi+1,l(0)K
+
i ⊗X
−
αi,l
(1)
− (q − q−1)
∑
k<i
qk−iX+αk,i(0)K
+
i ⊗X
−
αk,i+1
(1)
− (q − q−1)2
k<i∑
l>i+1
qk−i−1X˜+αi+1,l(0)X
+
αk,i
(0)K+i ⊗X
−
αk,l
(1).
16 R. Kodera and K. Wada
Remark 3.7. The explicit form of ∆〈0〉(X−i,1) in Corollary 3.6 follows directly from
one of ∆(fi,1) given in [FT, Theorem 10.13] through the injection Θ
〈0〉 ⊗Θ〈0〉.
3.8. We recall the injective homomorphisms ι
〈Q〉
± : U
〈Q〉
q → U
〈0〉
q in Proposition 1.12,
and we consider the algebra homomorphisms
∆〈Q〉r := ∆
〈0〉 ◦ ι
〈Q〉
− : U
〈Q〉
q → U
〈0〉
q ⊗ U
〈0〉
q , ∆
〈Q〉
l := ∆
〈0〉 ◦ ι
〈Q〉
+ : U
〈Q〉
q → U
〈0〉
q ⊗ U
〈0〉
q .
Then we have the following theorem by a similar argument as one in [FT, Theorem
10.20].
Theorem 3.9. (i) We have ∆
〈Q〉
r (U
〈Q〉
q ) ⊂ ι
〈Q〉
− (U
〈Q〉
q )⊗ U
〈0〉
q . In particular, the
homomorphism ∆
〈Q〉
r induces the algebra homomorphism
∆〈Q〉r : U
〈Q〉
q → U
〈Q〉
q ⊗ U
〈0〉
q .
Moreover, we have
∆〈Q〉r (X
+
i,0) = 1⊗X
+
i,0 +X
+
i,0 ⊗K
+
i ,
∆〈Q〉r (X
−
i,0) = X
−
i,0 ⊗ 1 +K
−
i ⊗X
−
i,0
−Qi
{
K+i ⊗X
−
i,1 + q
−1(q − q−1)
∑
l>i+1
X˜+αi+1,l(0)K
+
i ⊗X
−
αi,l
(1)
− (q − q−1)
∑
k<i
qk−iX+αk,i(0)K
+
i ⊗X
−
αk,i+1
(1)
− (q − q−1)2
k<i∑
l>i+1
qk−i−1X˜+αi+1,l(0)X
+
αk,i
(0)K+i ⊗X
−
αk,l
(1)
}
,
∆〈Q〉r (K
±
i ) = K
±
i ⊗K
±
i ,
and ∆
〈Q〉
r (Ji,1) is given by the right-hand side of (3.2.1).
(ii) We have ∆
〈Q〉
l (U
〈Q〉
q ) ⊂ U
〈0〉
q ⊗ ι
〈Q〉
+ (U
〈Q〉
q ). In particular, the homomorphism
∆
〈Q〉
l induces the algebra homomorphism
∆
〈Q〉
l : U
〈Q〉
q → U
〈0〉
q ⊗ U
〈Q〉
q .
Moreover, we have
∆
〈Q〉
l (X
+
i,0) = 1⊗X
+
i,0 +X
+
i,0 ⊗K
+
i
−Qi
{
X+i,1 ⊗K
+
i + (q − q
−1)X+i,0 ⊗K
+
i Ji,1 − q
−1(q − q−1)2X+i,0X
+
i,0 ⊗X
−
i,1K
+
i
+ q(q − q−1)
∑
l>i+1
X˜+αi,l(0)⊗X
−
αi+1,l
(1)K+i
− (q − q−1)2
∑
l>i+1
X+i,0X˜
+
αi,l
(0)⊗X−αi,l(1)K
+
i
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− q(q − q−1)
∑
k<i
qk−iX+αk,i+1(0)⊗X
−
αk,i
(1)K+i
− (q − q−1)2
∑
k<i
qk−iX+i,0X
+
αk,i+1
(0)⊗X−αk,i+1(1)K
+
i
− (q − q−1)2
k<i∑
l>i+1
qk−iX˜+αi,l(0)X
+
αk,i+1
(0)⊗X−αk,l(1)K
+
i
}
,
∆
〈Q〉
l (X
−
i,0) = X
−
i,0 ⊗ 1 +K
−
i ⊗X
−
i,0,
∆
〈Q〉
l (K
±
i ) = K
±
i ⊗K
±
i ,
and ∆
〈Q〉
l (Ji,1) is given by the right-hand side of (3.2.1).
Proof. We prove the statement (i). By Lemma 1.6, it is enough to check the relations
for the generators X±i,0, Ji,1 and K
±
i (i ∈ I). By the definition of ι
〈Q〉
− , it is clear for
the generators X+i,0, K
±
i and Ji,1 (i ∈ I). On the other hand, we have
∆〈Q〉r (X
−
i,0) = ∆
〈0〉(X−i,0 −QiX
−
i,1)
= X−i,0 ⊗ 1 +K
−
i ⊗X
−
i,0
−Qi
{
X−i,1 ⊗ 1 +K
+
i ⊗X
−
i,1 + q
−1(q − q−1)
∑
l>i+1
X˜+αi+1,l(0)K
+
i ⊗X
−
αi,l
(1)
− (q − q−1)
∑
k<i
qk−iX+αk,i(0)K
+
i ⊗X
−
αk,i+1
(1)
− (q − q−1)2
k<i∑
l>i+1
qk−i−1X˜+αi+1,l(0)X
+
αk,i
(0)K+i ⊗X
−
αk,l
(1)
}
= (X−i,0 −QiX
−
i,1)⊗ 1 +K
−
i ⊗X
−
i,0
−Qi
{
K+i ⊗X
−
i,1 + q
−1(q − q−1)
∑
l>i+1
X˜+αi+1,l(0)K
+
i ⊗X
−
αi,l
(1)
− (q − q−1)
∑
k<i
qk−iX+αk,i(0)K
+
i ⊗X
−
αk,i+1
(1)
− (q − q−1)2
k<i∑
l>i+1
qk−i−1X˜+αi+1,l(0)X
+
αk,i
(0)K+i ⊗X
−
αk,l
(1)
}
.
Then we see that ∆
〈Q〉
r (X
−
i,0) ⊂ ι
〈Q〉
− (U
〈Q〉
q ) ⊗ U
〈0〉
q by the definition of ι
〈Q〉
− , and we
have the statement (i). The statement (ii) is proven in a similar way. 
The homomorphisms ∆
〈Q〉
r and ∆
〈Q〉
l satisfy the following coassociativity.
Proposition 3.10 (cf. [FKPRW, Proposition 4.14]). We have the following com-
mutative diagrams.
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(i) U
〈Q〉
q
∆
〈Q〉
r
//
∆
〈Q〉
r

U
〈Q〉
q ⊗ U
〈0〉
q
Id⊗∆〈0〉

U
〈Q〉
q ⊗ U
〈0〉
q
∆
〈Q〉
r ⊗Id
// U
〈Q〉
q ⊗ U
〈0〉
q ⊗ U
〈0〉
q
(ii) U
〈Q〉
q
∆
〈Q〉
l
//
∆
〈Q〉
l

U
〈0〉
q ⊗ U
〈Q〉
q
∆〈0〉⊗Id

U
〈0〉
q ⊗ U
〈Q〉
q
Id⊗∆
〈Q〉
l
// U
〈0〉
q ⊗ U
〈0〉
q ⊗ U
〈Q〉
q
Proof. We note that the coassociativity of the coproduct ∆〈0〉 on U
〈0〉
q follows from
the coaasociativity of the Drinfeld-Jimbo coproduct ∆ on Uq(Lsln). By Theorem
3.9 and the coassociativity of ∆〈0〉, we see that the diagram
U
〈Q〉
q
ι
〈Q〉
−
//
∆
〈Q〉
r

U
〈0〉
q
∆〈0〉
//
∆〈0〉

U
〈0〉
q ⊗ U
〈0〉
q
Id⊗∆〈0〉

U
〈Q〉
q ⊗ U
〈0〉
q
ι
〈Q〉
− ⊗Id
// U
〈0〉
q ⊗ U
〈0〉
q
∆〈0〉⊗Id
// U
〈0〉
q ⊗ U
〈0〉
q ⊗ U
〈0〉
q
commutes, and this diagram implies (i). The commutative diagram (ii) is proven in
a similar way. 
§ 4. Evaluation homomorphisms
In this section, we recall the evaluation homomorphisms from Uq(ŝln) to Uq(gln)
given in [J], and we prepare some results on evaluation modules along the calculation
in [CP94b, 3.6]. In this section, we assume that C× ∋ q 6= ±1.
4.1. Put Î = I ∪ {0}, and let Â = (aij)i,j∈Î be the Cartan matrix of type A
(1)
n−1.
Namely, the submatrix (aij)i,j∈I is the Cartan matrix of type An−1, and we have
a0,0 = 2, a0,1 = a1,0 = a0,n−1 = an−1,0 = −1 and a0j = aj0 = 0 if j 6= 0, n− 1. Then
the quantum affine algebra Uq(ŝln) of type A
(1)
n−1 is an associative algebra over C
generated by ei, fi, k
±
i (i ∈ Î) subject to the following defining relations:
k+i k
−
i = k
−
i k
+
i = 1, [k
+
i , k
−
j ] = 0, k
+
i ejk
−
i = q
aijej, k
+
i fjk
−
i = q
−aijfj,
[ei, fj ] = δij
k+i − k
−
i
q − q−1
,
1−aij∑
s=0
(−1)se
(1−aij−s)
i eje
(s)
i = 0,
1−aij∑
s=0
(−1)sf
(1−aij−s)
i fjf
(s)
i = 0,
where we put e
(s)
i = (ei)
s/[s]! and f
(s)
i = (fi)
s/[s]! for s ≥ 0. We note that c :=
k+0 k
+
1 . . . k
+
n−1 is the canonical central element of Uq(ŝln).
We also consider the quantum group Uq(gln) associated with the general linear
Lie algebra gln which is an associative algebra over C generated by Ei, Fi (i ∈ I)
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and T±j (1 ≤ j ≤ n) subject to the following defining relations:
T+i T
−
i = T
−
i T
+
i = 1, [T
+
i , T
+
j ] = 0,
T+i EjT
−
i = q
δi,j−δi,j+1Ej , T
+
i FjT
−
i = q
−(δi,j−δi,j+1)Fj ,
[Ei, Fj] = δi,j
T+i T
−
i+1 − T
−
i T
+
i+1
q − q−1
,
1−aij∑
s=0
(−1)sE
(1−aij−s)
i EjE
(s)
i = 0,
1−aij∑
s=0
(−1)sF
(1−aij−s)
i FjF
(s)
i = 0,
where we put E
(s)
i = (Ei)
s/[s]! and F
(s)
i = (Fi)
s/[s]! for s ≥ 0.
For γ ∈ C×, we have the following evaluation homomorphism evγ : Uq(ŝln) →
Uq(gln).
Proposition 4.2 ([J]). For γ ∈ C×, there exists an algebra homomorphism evγ :
Uq(ŝln)→ Uq(gln) such that
ei 7→ Ei, fi 7→ Fi, k
+
i 7→ T
+
i T
−
i+1 (i ∈ I), k
+
0 7→ T
−
1 T
+
n ,
e0 7→ γq
−1(T+1 T
+
n )[Fn−1, [Fn−2, . . . , [F2, F1]q−1 . . . ]q−1 ]q−1,
f0 7→ (−1)
nγ−1qn−1(T−1 T
−
n )[En−1, [En−2, . . . , [E2, E1]q−1 . . . ]q−1 ]q−1 .
Moreover, the homomorphism evγ factors through the quotient algebra Uq(ŝln)/〈c−
1〉, where 〈c− 1〉 is the two-sided ideal of Uq(ŝln) generated by c− 1.
It is known that the quotient algebra Uq(ŝln)/〈c−1〉 is isomorphic to the quantum
loop algebra Uq(Lsln) ∼= U
〈0〉
0,0 as follows.
Proposition 4.3 ([D], [B]). There exists an algebra isomorphism Ψ : Uq(ŝln)/〈c−
1〉 → U
〈0〉
0,0
∼= Uq(Lsln) such that
ei 7→ ei,0, fi 7→ fi,0, k
+
i 7→ ψ
+
i,0 (i ∈ I), k
+
0 7→ ψ
−
1,0ψ
−
2,0 . . . ψ
−
n−1,0,
e0 7→ [fn−1,0, [fn−2,0, . . . , [f2,0, f1,1]q−1 . . . ]q−1 ]q−1(ψ
−
1,0ψ
−
2,0 . . . ψ
−
n−1,0),
f0 7→ µ(ψ
+
1,0ψ
+
2,0 . . . ψ
+
n−1,0)[en−1,0, [en−2,0, . . . , [e2,0, e1,−1]q−1 . . . ]q−1 ]q−1,
where µ ∈ C× is determined by the formula [Ψ(e0),Ψ(f0)] = (q − q
−1)−1(Ψ(k+0 ) −
Ψ(k−0 )).
4.4. Thanks to Proposition 4.2 and Proposition 4.3, we have the algebra homomor-
phism evγ ◦Ψ
−1 : Uq(Lsln)→ Uq(gln), and we denote it by evγ again.
Let P =
⊕n
i=1 Zεi be the weight lattice of gln, and put ωi = ε1 + ε2 + · · ·+ εi
for i ∈ I. Let V (ωi) be the simple highest weight Uq(gln)-module of highest weight
ωi, and v
(i)
0 ∈ V (ωi) be a highest weight vector. Then we have
Ej · v
(i)
0 = 0 for all j ∈ I, Fj · v
(i)
0 = 0 if j 6= i, Fi · v
(i)
0 6= 0, F
2
i · v
(i)
0 = 0,
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T±j · v
(i)
0 =
{
q±1v
(i)
0 if 1 ≤ j ≤ i,
v
(i)
0 if i < j ≤ n.
For each γ ∈ C×, we regard Uq(gln)-module V (ωi) as a Uq(Lsln)-module through the
homomorphism evγ : Uq(Lsln)→ Uq(gln), and denote it by V (ωi)
evγ . The following
proposition is obtained by the same argument with one in [CP94b, 3.6].
Proposition 4.5 (cf. [CP94b, 3.6]). For the Uq(Lsln)-module V (ωi)
evγ (i ∈ I,
γ ∈ C×), we have
ej,0 · v
(i)
0 = 0 for all j ∈ I, fj,0 · v
(i)
0 = 0 if j 6= i, fi,1 · v
(i)
0 = γq
−i+2fi,0 · v
(i)
0 .
4.6. Recall the injective homomorphism Θ〈0〉 : U
〈0〉
q → U
〈0〉
0,0
∼= Uq(Lsln) in Propo-
sition 2.4. Then we have the algebra homomorphism evγ ◦ Θ
〈0〉 : U
〈0〉
q → Uq(gln),
and we denote it by ev
〈0〉
γ . We cannot define the evaluation homomorphism ev0 :
Uq(Lsln) → Uq(gln) at γ = 0. However, if we restrict Uq(Lsln) to U
〈0〉
q , we can also
define the evaluation homomorphism ev
〈0〉
0 : U
〈0〉
q → Uq(gln) at γ = 0 by
X+i,t 7→ δt,0Ei, X
−
i,t 7→ δt,0Fi, Ji,t 7→ δt,0
1− (T−i T
+
i+1)
2
q − q−1
, K+i 7→ T
+
i T
−
i+1.
For each γ ∈ C, we regard the Uq(gln)-module V (ωi) as a U
〈0〉
q -module through the
homomorphism ev
〈0〉
γ : U
〈0〉
q → Uq(gln), and denote it by V (ωi)
ev
〈0〉
γ . Then we have
the following proposition.
Proposition 4.7. For the U
〈0〉
q -module V (ωi)
ev
〈0〉
γ (i ∈ I, γ ∈ C), we have
X+j,t · v
(i)
0 = 0, Jj,t · v
(i)
0 =
{
q−1(γq−i+2)tv
(i)
0 if j = i,
0 if j 6= i,
K+j · v
(i)
0 =
{
qv
(i)
0 if j = i
v
(i)
0 if j 6= i
for j ∈ I and t ≥ 0.
Proof. ¿From the definitions, we have
K+j · v
(i)
0 =
{
qv
(i)
0 if j = i
v
(i)
0 if j 6= i
(4.7.1)
for j ∈ I immediately. By Proposition 4.5 in the case where γ 6= 0 and direct
calculation in the case where γ = 0, we have
X+j,0 · v
(i)
0 = 0 for all j ∈ I, X
−
j,0 · v
(i)
0 = 0 if j 6= i, X
−
i,1 · v
(i)
0 = γq
−i+2X−i,0 · v
(i)
0 .
(4.7.2)
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By the relation (Q1-1), we see that Jj,t acts on v
(i)
0 as a scalar multiplication since
the weight space of V (ωi) with the weight ωi is one-dimensional. Then, by the
induction on t using (4.7.2) and (1.5.3), we have
X+j,t · v
(i)
0 = 0 for all j ∈ I and t ≥ 0.(4.7.3)
The equations X−j,0 · v
(i)
0 = 0 if j 6= i in (4.7.2) and (4.7.3) together with the relation
(Q6) imply that Jj,t · v
(i)
0 = 0 for all j ∈ I \ {i} and t ≥ 0.
For t ≥ 0, applying X+i,t to both sides of the equation X
−
i,1 · v
(i)
0 = γq
−i+2X−i,0 · v
(i)
0
in (4.7.2), we have X+i,tX
−
i,1 · v
(i)
0 = γq
−i+2X+i,tX
−
i,0 · v
(i)
0 . By the relations (Q1-2), (Q6)
and the equation (4.7.3), the above equation implies Ji,t+1 · v
(i)
0 = γq
−i+2Ji,t · v
(i)
0 .
Thus we have
Ji,t · v
(i)
0 = (γq
−i+2)tJi,0 · v
(i)
0 = q
−1(γq−i+2)t · v
(i)
0
for t ≥ 0, where the second equation follows from (4.7.1), (Q1-1) and (Q1-2). 
§ 5. Highest weight U
〈Q〉
q -modules
In the rest of the paper, we assume that the parameter q is not a root of unity.
In this section, we give a notion of highest weight U
〈Q〉
q -modules with respect
to the triangular decomposition (1.7.1). The argument is standard, so we give only
notation and some statements.
5.1. Highest weight modules. For a U
〈Q〉
q -module M , we say that M is a highest
weight module if there exists v0 ∈M satisfying the following conditions:
(i) M is generated by v0 as a U
〈Q〉
q -module.
(ii) X+i,t · v0 = 0 for all (i, t) ∈ I × Z≥0.
(iii) There exists u = ((λi, (ui,t)t>0))i∈I ∈ (C
××
∏
t>0C)
I such that K+i ·v0 = λiv0
and Ji,t · v0 = ui,tv0 for each i ∈ I and t ∈ Z>0.
In this case, we say that u is the highest weight ofM , and that v0 is a highest weight
vector of M . We remark that Ji,0 · v0 = (q− q
−1)−1(1− λ−2i ) by the relation (Q1-2).
5.2. Verma modules. For u = ((λi, (ui,t)t>0))i∈I ∈ (C
× ×
∏
t>0C)
I , let I(u) be
the left ideal of U
〈Q〉
q generated by X
+
i,t ((i, t) ∈ I × Z≥0), K
+
i − λi (i ∈ I) and
Ji,t − ui,t ((i, t) ∈ I × Z>0). Then, we define the Verma module as the quotient
module M(u) = U
〈Q〉
q /I(u). By the standard argument, the Verma module M(u)
has the unique maximal proper submodule radM(u), and we have the unique simple
top L(u) := M(u)/ radM(u). We have the following proposition whose proof is also
standard.
Proposition 5.3. For u ∈ (C× ×
∏
t>0C)
I , a highest weight simple U
〈Q〉
q -module
of highest weight u is isomorphic to L(u). Moreover, any finite dimensional simple
U
〈Q〉
q -module is isomorphic to L(u) for some u ∈ (C× ×
∏
t>0C)
I .
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§ 6. Some symmetric polynomials
In this section, we introduce some symmetric polynomials, and give some prop-
erties of them. These symmetric polynomials will be used to describe the highest
weights of finite dimensional U
〈Q〉
q -modules.
6.1. A partition is a non-increasing sequence λ = (λ1, λ2, . . . ) of non-negative
integers with only finitely many non-zero terms. The size of a partition λ, denoted
by |λ|, is |λ| =
∑
i≥1 λi. We denote by λ ⊢ t if λ is a partition of size t. The length
of a partition λ is the number of non-zero terms, and we denote it by ℓ(λ).
Let C[x1, x2, . . . , xk] be the polynomial ring over C with indeterminate variables
x1, . . . , xk. For t, k ∈ Z>0, put
et(x1, . . . , xk) =
∑
1≤i1<i2<···<it≤k
xi1xi2 . . . xit ∈ C[x1, . . . , xk],
pt(x1, . . . , xk) = x
t
1 + x
t
2 + · · ·+ x
t
k ∈ C[x1, . . . , xk]
and e0(x1, . . . , xk) = 1. Namely, these polynomials are the elementary symmetric
polynomial and the power sum symmetric polynomial respectively. For a partition
λ = (λ1, . . . , λk) ⊢ t such that ℓ(λ) ≤ k, put
mλ(x1, . . . , xk) =
∑
µ∈Sk ·λ
xµ11 x
µ2
2 . . . x
µk
k ∈ C[x1, . . . , xk],
where Sk · λ = {µ = (µ1, . . . , µk) ∈ Z
k
≥0 | µi = λσ(i) (1 ≤ i ≤ k) for some σ ∈
Sk}. Namely, the polynomial mλ(x1, . . . , xk) is the monomial symmetric polynomial
associated with λ.
For t, k ∈ Z>0, we define a polynomial pt(q)(x1, . . . , xk) ∈ C[x1, . . . , xk] by
pt(q)(x1, . . . , xk) :=
∑
λ⊢t
ℓ(λ)≤k
q−ℓ(λ)(q − q−1)ℓ(λ)−1mλ(x1, . . . , xk).
¿From the definition, we see that pt(q)(x1, . . . , xk) is a symmetric polynomial.
Remark 6.2. In the case where q = 1, we have pt(1)(x1, . . . , xk) = pt(x1, . . . , xk).
Thus, the polynomial pt(q)(x1, . . . , xk) is a q-analogue of the power sum symmetric
polynomial.
Lemma 6.3. For t, k ∈ Z>0, the polynomial pt(q)(x1, . . . , xk) satisfies the following
equations:
(i) pt(q)(x1, . . . , xk)
= pt(q)(x1, . . . , xk−1) + q
−1xtk + q
−1(q − q−1)
t−1∑
z=1
pz(q)(x1, . . . , xk−1)x
t−z
k .
(ii) pt(q)(x1, . . . , xk)
= (−1)t−1q−t[t]et(x1, . . . , xk)+
t−1∑
z=1
(−1)t+z−1pz(q)(x1, . . . , xk)et−z(x1, . . . , xk).
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(iii) pk+t(q)(x1, . . . , xk) =
k−1∑
z=0
(−1)k+z−1pt+z(q)(x1, . . . , xk)ek−z(x1, . . . , xk).
Proof. (i). By the definition of the monomial symmetric polynomials, for 1 ≤ l ≤ k,
we see that∑
λ⊢t
ℓ(λ)=l
mλ(x1, . . . , xk)
= δ(l 6=k)
∑
λ⊢t
ℓ(λ)=l
mλ(x1, . . . , xk−1) + δ(l=1)x
t
k + δ(l 6=1)
t−l+1∑
z=1
∑
λ⊢t−z
ℓ(λ)=l−1
mλ(x1, . . . , xk−1)x
z
k,
where δ(∗) = 1 if the condition ∗ is true, and δ(∗) = 0 if the condition ∗ is false.
Thus, we have
pt(q)(x1, . . . , xk)
=
k−1∑
l=1
q−l(q − q−1)l−1
∑
λ⊢t
ℓ(λ)=l
mλ(x1, . . . , xk−1) + q
−1xtk
+
k∑
l=2
q−l(q − q−1)l−1
t−l+1∑
z=1
∑
λ⊢t−z
ℓ(λ)=l−1
mλ(x1, . . . , xk−1)x
z
k
=
∑
λ⊢t
ℓ(λ)≤k−1
q−ℓ(λ)(q − q−1)ℓ(λ)−1mλ(x1, . . . , xk−1) + q
−1xtk
+
t−1∑
z=1
( ∑
λ⊢t−z
ℓ(λ)≤k−1
q−ℓ(λ)−1(q − q−1)ℓ(λ)mλ(x1, . . . , xk−1)
)
xzk
= pt(q)(x1, . . . , xk−1) + q
−1xtk + q
−1(q − q−1)
t−1∑
z=1
pt−z(q)(x1, . . . , xk−1)x
z
k.
(ii). Put
p̂t(q)(x1, . . . , xk)
= (−1)t−1q−t[t]et(x1, . . . , xk) +
t−1∑
z=1
(−1)t+z−1p̂z(q)(x1, . . . , xk)et−z(x1, . . . , xk).
We can prove the equation (i) replacing pt(q)(x1, . . . , xk) with p̂t(q)(x1, . . . , xk)
by the induction on the degree t. Then we can prove that pt(q)(x1, . . . , xk) =
p̂t(q)(x1, . . . , xk) by the induction on the number k of variables using the equation
(i) for both polynomials. As a consequence, we obtain (ii).
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(iii). Note that et′(x1, . . . , xk) = 0 if t
′ > k, and the equation (iii) follows from
the equation (ii). 
Corollary 6.4. For k ∈ Z>0, the set of polynomials
{pt(q)(x1, . . . , xk) | 1 ≤ t ≤ k}
is algebraically independent over C.
Proof. Note that we assume that q is not a root of unity. Then we can prove
the corollary in the same way with the corresponding statement for power sum
symmetric polynomials using the equation (ii) in Lemma 6.3. 
Corollary 6.5. For t = 1, 2, . . . , k, there exist the unique aλ ∈ C (λ ⊢ t) such that
et(x1, x2, . . . , xk) =
∑
λ⊢t
aλpλ(q)(x1, x2, . . . , xk),
where we put pλ(q)(x1, . . . , xk) =
∏ℓ(λ)
i=1 pλi(q)(x1, . . . , xk).
Proof. We can prove the existence of the numbers aλ (λ ⊢ t) by the induction on t
using Lemma 6.3 (ii). The uniqueness of aλ (λ ⊢ t) follows from Corollary 6.4. 
Proposition 6.6. For k ∈ Z>0, let P
(k)(ω) = 1+ (q− q−1)
∑
t>0 pt(q)(x1, . . . , xk)ω
t
be the generating function. Then we have
P (k)(ω) =
(1− q−2x1ω)(1− q
−2x2ω) . . . (1− q
−2xkω)
(1− x1ω)(1− x2ω) . . . (1− xkω)
.
Proof. In this proof, we denote pt(q)(x1, . . . , xk) (resp. et(x1, . . . , xk)) by pt(q) (resp.
et) simply. We consider the generating function E
(k)(ω) =
∑
t≥0(−1)
tetω
t. Then,
we have
P (k)(ω)E(k)(ω) =
(
1 + (q − q−1)
∑
t>0
pt(q)ω
t
)(∑
t≥0
(−1)tetω
t
)
=
∑
t≥0
(−1)tetω
t +
∑
t>0
(
(q − q−1)
t∑
z=1
(−1)t−zpz(q)et−z
)
ωt.
Applying Lemma 6.3 (ii), we have
P (k)(ω)E(k)(ω) =
∑
t≥0
(−1)tetω
t +
∑
t>0
(q − q−1)(−1)t−1q−t[t]etω
t
=
∑
t≥0
(−1)tq−2tetω
t
= E(k)(q−2ω).
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On the other hand, we have
E(k)(ω) =
k∑
t=0
(−1)tet(x1, . . . , xk)ω
t = (1− x1ω)(1− x2ω) . . . (1− xkω)
since et(x1, . . . , xk) = 0 if t > k. As a consequence, we have
P (k)(ω) =
E(k)(q−2ω)
E(k)(ω)
=
(1− q−2x1ω)(1− q
−2x2ω) . . . (1− q
−2xkω)
(1− x1ω)(1− x2ω) . . . (1− xkω)
.

Remark 6.7. The formula in Lemma 6.3 (ii) corresponds to the definition (8.1.1)
which is identified with [CP91, Proposition 3.5 (ii)r] under the injective algebra
homomorphism Θ〈0〉 (see the paragraph 8.1). Thus, the formula in Lemma 6.3 (ii)
is a q-analogue of Newton’s formula relating the elementary symmetric polynomials
and the power sums suggested in [CP91, Remark 3.5]. Under this correspondence,
Proposition 6.6 corresponds to [CP91, Corollary 3.5] (see also Corollary 8.13).
6.8. For t, k ∈ Z>0 and Q, β ∈ C
×, we define a polynomial p
〈Q〉
t (q; β)(x1, . . . , xk) ∈
C[x1, . . . , xk] by
p
〈Q〉
t (q; β)(x1, . . . , xk)
:= pt(q)(x1, . . . , xk) + β˜Q
−t + (q − q−1)
t−1∑
z=1
β˜Q−t+zpz(q)(x1, . . . , xk),
(6.8.1)
where we put β˜ = (q − q−1)−1(1− β−2).
By definition, the polynomial p
〈Q〉
t (q; β)(x1, . . . , xk) is a symmetric polynomial.
In the case where β = ±1, we have p
〈Q〉
t (q;±1)(x1, . . . , xk) = pt(q)(x1, . . . , xk).
By the definition (6.8.1) together with Corollary 6.4, we have the following
lemma.
Lemma 6.9. For k ∈ Z>0 and Q, β ∈ C
×, the set of polynomials
{p
〈Q〉
t (q; β)(x1, . . . , xk) | 1 ≤ t ≤ k}
is algebraically independent over C.
Lemma 6.10. Fix k ∈ Z>0, and we put x = (x1, . . . , xk) for simplicity. For t ∈ Z>0
and Q, β ∈ C×, the polynomial p
〈Q〉
t (q; β)(x) satisfies the following equations:
(i) p
〈Q〉
t (q; β)(x)
= (−1)t−1q−t[t]et(x)+β˜Q
−t+
t−1∑
z=1
(−1)t−z+1
(
p〈Q〉z (q; β)(x)−q
−2(t−z)β˜Q−z
)
et−z(x).
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(ii) p
〈Q〉
k+t(q; β)(x)
= Q−1p
〈Q〉
k+t−1(q; β)(x)+
k−1∑
z=0
(−1)k−z+1
(
p
〈Q〉
t+z(q; β)(x)−Q
−1p
〈Q〉
t+z−1(q; β)(x)
)
ek−z(x),
where we put p
〈Q〉
0 (q; β)(x) =
1− (βqk)−2
q − q−1
. Note that the scalar p
〈Q〉
0 (q; β)(x)
appears only the case where t = 1.
Proof. The equation (i) follows from the definition (6.8.1) and Lemma 6.3 (ii). We
prove (ii). Note that et′(x) = 0 if t
′ > k, then the equation (i) implies
p
〈Q〉
k+t(q; β)(x)−Q
−1p
〈Q〉
k+t−1(q; β)(x)
= β˜Q−(k+t) +
k+t−1∑
z=t
(−1)k+t−z+1
(
p〈Q〉z (q; β)(x)− q
−2(k+t−z)β˜Q−z
)
ek+t−z(x)
−Q−1
{
δt,1(−1)
k−1q−k[k]ek(x) + β˜Q
−(k+t−1)
+
k+t−2∑
z=max{1,t−1}
(−1)k+t−z
(
p〈Q〉z (q; β)(x)− q
−2(k+t−z−1)β˜Q−z
)
ek+t−z−1(x)
}
=

k+t−1∑
z=t
(−1)k+t−z+1
(
p〈Q〉z (q; β)(x)−Q
−1p
〈Q〉
z−1(q; β)(x)
)
ek+t−z(x) if t > 1,
(−1)k+1
(
p
〈Q〉
1 (q; β)(x)− q
−2kβ˜Q−1 −Q−1q−k[k]
)
ek(x)
+
k∑
z=2
(−1)k−z+2
(
p〈Q〉z (q; β)(x)−Q
−1p
〈Q〉
z−1(q; β)(x)
)
ek+1−z(x) if t = 1.
Note that q−2kβ˜ + q−k[k] = (q − q−1)−1(1 − (βqk)−2) = p
〈Q〉
0 (q; β)(x), we have the
equation (ii) by replacing z − t with z. 
§ 7. One-dimensional U
〈Q〉
q -modules
In this section, we classify one-dimensional U
〈Q〉
q -modules.
7.1. Let L = Cv be a one-dimensional U
〈Q〉
q -module with a basis v. Then K
+
i (i ∈ I)
acts on v as a scalar multiplication. We denote the eigenvalue of the action of K+i
by βi. By the relation (Q1-2), we have βi 6= 0.
For (j, t) ∈ I × Z≥0, the element X
±
j,t · v is an eigenvector of the eigenvalue
q±aijβi for the action of K
+
i (i ∈ I) if X
±
j,t ·v 6= 0 by the relations (Q4-1) and (Q5-1).
However, L is one-dimensional, thus we have X±j,t · v = 0 for all (j, t) ∈ I × Z≥0.
For (i, t) ∈ I×Z≥0, we have (K
+
i Ji,t−QiK
+
i Ji,t+1) · v = [X
+
i,t, X
−
i,0] · v = 0 by the
relation (Q6). This equation implies that Ji,t ·v = 0 if Qi = 0, and Ji,t ·v = QiJi,t+1 ·v
if Qi 6= 0. Thus, we have Ji,t · v = Q
−t
i · Ji,0 · v if Qi 6= 0. On the other hand, by the
relation (Q1-2), we have Ji,0 · v = (q − q
−1)−1(1 − β−2i )v. Then we have βi = ±1 if
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Qi = 0 since Ji,0 · v = 0 in this case. As a consequence, we have
X±i,t · v = 0, K
±
i · v = β
±1
i · v, Ji,t · v =
0 if Qi = 0,1− β−2i
q − q−1
Q−ti v if Qi 6= 0
(7.1.1)
for i ∈ I and t ∈ Z≥0, where βi = ±1 if Qi = 0.
7.2. For Q ∈ C, put B〈Q〉 = {±1} if Q = 0 and B〈Q〉 = C× if Q 6= 0. Then we
put B〈Q〉 =
∏
i∈I B
〈Qi〉 for Q = (Q1, . . . , Qn−1) ∈ C
n−1. For β = (βi)i∈I ∈ B
〈Q〉,
we define a one-dimensional U
〈Q〉
q -module D
〈Q〉
β = Cv by (7.1.1). We can easily
check that this action is well-defined. As a consequence of this section, we have the
following proposition.
Proposition 7.3. Any one-dimensional U
〈Q〉
q -module is isomorphic to D
〈Q〉
β for
some β ∈ B〈Q〉.
By (2.6.1), (2.6.2) and (7.1.1), we have the following corollary.
Corollary 7.4. For D
〈Q〉
β = Cv (β ∈ B
〈Q〉), we have
Ψ+i (ω) · v =
{
βiv if Qi = 0,
(β−1i −Qiβiω
−1)v if Qi 6= 0.
§ 8. Finite dimensional simple modules of Uq(sl
〈0〉
2 [x])
In this section, we classify the isomorphism classes of finite dimensional simple
modules of the algebra U
〈0〉
q = Uq(sl
〈0〉
2 [x]) in the case of rank one and of Q = 0.
We recall that, in the case where Q = 0, the algebra U
〈0〉
q is a subalgebra of
the quantum loop algebra Uq(Lsl2) through the injective homomorphism Θ
〈0〉 in
Proposition 2.4. In this case, the argument to classify the finite dimensional simple
U
〈0〉
q -modules is essentially the same as the argument for Uq(Lsl2) given in [CP91].
However, we discuss the case where Q = 0 in this section for completeness, and it
is also useful in order to consider the case where Q 6= 0 in the next section.
In this and next sections, we consider only the case of rank one, namely I = {1},
so we omit the indices for I, e.g. we denote X±1,t by X
±
t simply, and so on.
8.1. For t, k ∈ Z≥0, put
X
+(k)
t =
(X+t )
k
[k]!
, X
−(k)
t =
(X−t )
k
[k]!
.
For t ∈ Z≥0, we define the element J
〈0〉
[t] ∈ U
〈0〉
q inductively by
J
〈0〉
[0] = 1 and J
〈0〉
[t] = q
t 1
[t]
t∑
z=1
(−1)z−1JzJ
〈0〉
[t−z] for t > 0.(8.1.1)
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For examples, we have
J
〈0〉
[0] = 1, J
〈0〉
[1] = qJ1, J
〈0〉
[2] =
1
[2]
(q3J21 − q
2J2),
J
〈0〉
[3] =
1
[3]!
(
q6J31 − (2q
5 + q3)J1J2 + (q
4 + q2)J3
)
.
Compare the definition (8.1.1) with [CP91, Proposition 3.5 (ii)r] under the in-
jective algebra homomorphism Θ〈0〉 : U
〈0〉
q → U
〈0〉
0,0
∼= Uq(Lsl2), then we see that
Θ〈0〉(J
〈0〉
[t] ) = (−1)
tPt for t ∈ Z≥0, where Pt ∈ Uq(Lsl2) is an element given in [CP91,
Proposition 3.5]. The following lemma is a slight variation of [CP91, Proposition
3.5 (iii)r].
Lemma 8.2. For k ∈ Z>0, we have
X
+(k)
1 X
−(k+1)
0 ≡ q
−k(k+1)
k∑
z=0
(−1)zX−z (K
+)kJ
〈0〉
[k−z] mod X+,
where X+ is the left ideal of U
〈0〉
q generated by {X
+
t | t ≥ 0}.
Proof. See Appendix B. 
8.3. By Proposition 5.3, any finite dimensional simple U
〈0〉
q -module is isomorphic to
the highest weight module L(u) for some u = (λ, (ut)t>0) ∈ C
× ×
∏
t>0 C. We have
the following necessary condition for L(u) to be finite dimensional.
Proposition 8.4. For u = (λ, (ut)t>0) ∈ C
× ×
∏
t>0 C, if the highest weight simple
U
〈0〉
q -module L(u) is finite dimensional, then there exist k ∈ Z≥0 and γ1, γ2, . . . , γk ∈
C such that
λ = ±qk, ut =
{
0 if k = 0,
pt(q)(γ1, γ2, . . . , γk) if k > 0
(t > 0).(8.4.1)
Proof. Let v0 ∈ L(u) be a highest weight vector. By the relation (Q5-1), we have
K+X
−(k)
0 ·v0 = q
−2kλX
−(k)
0 ·v0. Namely X
−(k)
0 ·v0 is an eigenvector of the eigenvalue
q−2kλ for the action of K+ if X
−(k)
0 ·v0 6= 0. Thus, there exists a non-negative integer
k such that X
−(k)
0 · v0 6= 0 and X
−(k+1)
0 · v0 = 0 since L(u) is finite dimensional.
In the case where k = 0, we can easily check that L(u) is one-dimensional. Then
we have (8.4.1) by Proposition 7.3.
Assume that k > 0. By the induction on c using the relation (Q1-2) and (Q6),
we can show that [X+0 , X
−(c)
0 ] = X
−(c−1)
0 (q − q
−1)−1(q−c+1K+ − qc−1K−) for c > 0.
Then we have
0 = X+0 X
−(k+1)
0 · v0 =
q−kλ− qkλ−1
q − q−1
X
−(k)
0 · v0.
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This implies that λ = ±qk since X
−(k)
0 · v0 6= 0.
By Corollary 6.4, there exist γ1, γ2, . . . , γk ∈ C such that ut = pt(q)(γ1, γ2, . . . , γk)
for t = 1, 2, . . . , k.
By the induction on t using (8.1.1) and Lemma 6.3 (ii), we see that
J
〈0〉
[t] · v0 = et(γ1, γ2, . . . , γk)v0(8.4.2)
for t = 1, 2, . . . , k.
By Lemma 8.2 and the relation (Q6), for t > 0, we have
0 = X+t X
+(k)
1 X
−(k+1)
0 · v0 = q
−k(k+1)λk+1
k∑
z=0
(−1)zJt+zJ
〈0〉
[k−z] · v0,
where we note that X+t (K
+)kJ
〈0〉
[k−z] · v0 = 0 since v0 is a highest weight vector. Note
that J
〈0〉
[0] = 1, this equation implies that
Jt+k · v0 =
k−1∑
z=0
(−1)k−z+1Jt+zJ
〈0〉
[k−z] · v0.(8.4.3)
Then we can show that ut+k = pt+k(q)(γ1, . . . , γk) for t > 0 by the induction on t
using (8.4.2), (8.4.3) and Lemma 6.3 (iii). 
8.5. In order to prove that the highest weight simple module L(u) is finite di-
mensional if u is given by (8.4.1), we use evaluation modules through the following
evaluation homomorphisms from U
〈0〉
q to the quantum group Uq(sl2). Let e, f and
K± be the usual Chevalley generators of Uq(sl2). For γ ∈ C, we have the algebra
homomorphism e˜v
〈0〉
γ : U
〈0〉
q → Uq(sl2) such that
X+t 7→ γ
tq−t(K+)te, X−t 7→ γ
tq−tf(K+)t, K± 7→ K±,
Jt 7→ γ
tq−t(K+)t
1− (K−)2
q − q−1
− γt(qt − q−t)(K+)t−1fe.
We remark that, if γ 6= 0, the homomorphism e˜v
〈0〉
γ is the restriction of the evaluation
homomorphism evγ : Uq(Lsl2) → Uq(sl2) given in [CP91, Proposition 4.1] through
the injection Θ〈0〉 : U
〈0〉
q → Uq(Lsl2). In the case where γ = 0, we can easily check
the well-definedness of e˜v
〈0〉
γ by direct calculations.
Let V1 = Cv0 ⊕ Cv1 be the two-dimensional simple Uq(sl2)-module of type 1,
namely the action of Uq(sl2) is given by
K+ · v0 = qv0, e · v0 = 0, f · v0 = v1, K
+ · v1 = q
−1v1, e · v1 = v0, f · v1 = 0.
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For γ ∈ C, we regard V1 as a U
〈0〉
q -module through the homomorphism e˜v
〈0〉
γ , and
we denote it by V
e˜v
〈0〉
γ
1 . By definition, we have
X+t · v0 = 0, K
+ · v0 = qv0, Jt · v0 = q
−1γtv0 (t ≥ 0).(8.5.1)
Remark 8.6. We can also discuss by using the evaluation homomorphisms ev
〈0〉
γ :
U
〈0〉
q → Uq(gl2) given in §4. Both arguments are essentially the same although the
eigenvalues for the action of Jt are different. In this section, we use e˜v
〈0〉
γ instead of
ev
〈0〉
γ for a compatibility with the argument in [CP91] (see Remark 8.14).
Proposition 8.7. For u = (λ, (ut)t>0) ∈ C
× ×
∏
t>0 C, if there exist k ∈ Z≥0 and
γ1, γ2, . . . , γk ∈ C such that
λ = ±qk, ut =
{
0 if k = 0,
pt(q)(γ1, γ2, . . . , γk) if k > 0
(t > 0),(8.7.1)
then L(u) is finite dimensional.
Proof. Note that the coproduct ∆〈0〉 on U
〈0〉
q is a restriction of the coproduct on
Uq(Lsl2) through the injection Θ
〈0〉. Then, by [CP91, Proposition 4.4], we have
∆〈0〉(X+t′ ) ≡ X
+
t′ ⊗K
+ + 1⊗X+t′ + (q − q
−1)
t′∑
z=1
X+t′−z ⊗K
+Jz mod X
2
+ ⊗ X−,
∆〈0〉(Jt) ≡ Jt ⊗ 1 + 1⊗ Jt + (q − q
−1)
t−1∑
z=1
Jz ⊗ Jt−z mod X+ ⊗ X−,
(8.7.2)
for t′ ≥ 0 and t > 0, where X2+ (resp. X+, X−) is the left ideal of U
〈0〉
q generated by
{X+s X
+
s′ | s, s
′ ≥ 0} (resp. {X+s | s ≥ 0}, {X
−
s | s ≥ 0}).
For each γi (1 ≤ i ≤ k), we consider the evaluation module V
e˜v
〈0〉
γi
1 at γi, and let
v
(i)
0 ∈ V
e˜v
〈0〉
γi
1 be a highest weight vector. We also consider the one-dimensional U
〈0〉
q -
module D
〈0〉
±1 = Cv given by (7.1.1). Through the coproduct ∆
〈0〉, we consider the
U
〈0〉
q -module D
〈0〉
±1 ⊗ V
e˜v
〈0〉
γ1
1 ⊗ V
e˜v
〈0〉
γ2
1 ⊗ · · · ⊗ V
e˜v
〈0〉
γk
1 . Let V (±1; γ1, . . . , γk) be the U
〈0〉
q -
submodule of D
〈0〉
±1⊗V
e˜v
〈0〉
γ1
1 ⊗V
e˜v
〈0〉
γ2
1 ⊗· · ·⊗V
e˜v
〈0〉
γk
1 generated by v⊗v
(1)
0 ⊗v
(2)
0 ⊗· · ·⊗v
(k)
0 .
Then, by definition together with (8.7.2), we see that
X+t · (v ⊗ v
(1)
0 ⊗ · · · ⊗ v
(k)
0 ) = 0 (t ≥ 0),
K+ · (v ⊗ v
(1)
0 ⊗ · · · ⊗ v
(k)
0 ) = ±q
kv ⊗ v
(1)
0 ⊗ · · · ⊗ v
(k)
0 .
Finite dimensional simple modules of (q,Q)-current algebras 31
For t > 0, we have Jt · (v ⊗ v
(1)
0 ) = q
−1γt1v ⊗ v
(1)
0 = pt(q)(γ1)v ⊗ v
(1)
0 in D
〈0〉
±1 ⊗ V
e˜v
〈0〉
γ1
1
by (7.1.1), (8.5.1) and (8.7.2). By the induction on k using (7.1.1), (8.5.1), (8.7.2)
and Lemma 6.3 (i), we can show that
Jt · (v ⊗ v
(1)
0 ⊗ · · · ⊗ v
(k)
0 ) = pt(q)(γ1, γ2, . . . , γk)v ⊗ v
(1)
0 ⊗ · · · ⊗ v
(k)
0 .
As a consequence, the U
〈0〉
q -module V (±1; γ1, . . . , γk) is a highest weight module of
the highest weight u given by (8.7.1), and L(u) is a quotient of V (±1; γ1, . . . , γn).
Thus L(u) is finite dimensional since V (±1; γ1, . . . , γk) is finite dimensional. 
8.8. Let C[x] be the polynomial ring over C with an indeterminate variable x. For
ϕ ∈ C[x], we denote the leading coefficient of ϕ by βϕ. Put
C[x]〈0〉 = {ϕ ∈ C[x] \ {0} | βϕ = ±1}.
We define a map u〈0〉 : C[x]〈0〉 → C× ×
∏
t>0 C by
u〈0〉(ϕ) =
{
(βϕ, (0)t>0) if deg ϕ = 0,
(βϕq
degϕ, (pt(q)(γ1, γ2, . . . , γk))t>0) if deg ϕ > 0
(8.8.1)
for ϕ = βϕ(x− γ1)(x− γ2) . . . (x− γk) ∈ C[x]
〈0〉.
Lemma 8.9. The map u〈0〉 : C[x]〈0〉 → C× ×
∏
t>0C is injective.
Proof. For ϕ, ϕ′ ∈ C[x]〈0〉, write ϕ = βϕ(x − γ1)(x − γ2) . . . (x − γk) and ϕ
′ =
βϕ′(x− γ
′
1)(x− γ
′
2) . . . (x− γ
′
l). If u
〈0〉(ϕ) = u〈0〉(ϕ′), then we have
βϕq
k = βϕ′q
l, pt(q)(γ1, γ2, . . . , γk) = pt(q)(γ
′
1, γ
′
2, . . . , γ
′
l) (t > 0).(8.9.1)
The first equation implies that βϕ = βϕ′ and k = l since q is not a root of unity.
Moreover, we have
ϕ = βϕx
k + βϕ
k∑
z=1
(−1)zez(γ1, γ2, . . . , γk)x
k−z
= βϕx
k + βϕ
k∑
z=1
(−1)z
(∑
λ⊢z
aλpλ(q)(γ1, γ2, . . . , γk)
)
xk−z
= βϕ′x
k + βϕ′
k∑
z=1
(−1)z
(∑
λ⊢z
aλpλ(q)(γ
′
1, γ
′
2, . . . , γ
′
k)
)
xk−z
= βϕ′x
k + βϕ′
k∑
z=1
(−1)zez(γ
′
1, γ
′
2, . . . , γ
′
k)x
k−z
= ϕ′
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by Corollary 6.5 and (8.9.1). 
Proposition 8.4, Proposition 8.7 and Lemma 8.9 imply the following theorem.
Theorem 8.10. There exists the bijection between C[x]〈0〉 and the isomorphism
classes of finite dimensional simple Uq(sl
〈0〉
2 [x])-modules given by ϕ 7→ L(u
〈0〉(ϕ)).
Corollary 8.11. For ϕ, ψ ∈ C[x]〈0〉, let v0 ∈ L(u
〈0〉(ϕ)) (resp. w0 ∈ L(u
〈0〉(ψ))) be
a highest weight vector. Let V (ϕ, ψ) be a U
〈0〉
q -submodule of L(u〈0〉(ϕ))⊗L(u〈0〉(ψ))
generated by v0 ⊗ w0. Then V (ϕ, ψ) is a highest weight module of the highest
weight u〈0〉(ϕψ). In particular, we have L(u〈0〉(ϕ)) ⊗ L(u〈0〉(ψ)) ∼= L(u〈0〉(ϕψ))
if L(u〈0〉(ϕ))⊗ L(u〈0〉(ψ)) is simple.
Proof. For ϕ, ψ ∈ C[x]〈0〉, write ϕ and ψ as ϕ = ε(x − γ1)(x − γ2) . . . (x − γk) and
ψ = ε′(x − ξ1)(x − ξ2) . . . (x − ξl) respectively. Let v (resp. w) be a basis of one-
dimensional U
〈0〉
q -module D
〈0〉
ε (resp. D
〈0〉
ε′ ), and let v
(i)
0 ∈ V
e˜v
〈0〉
γi
1 (1 ≤ i ≤ k) (resp.
w
(i)
0 ∈ V
e˜v
〈0〉
ξi
1 (1 ≤ i ≤ l)) be a highest weight vector. As in a proof of Proposition 8.7,
we have L(u〈0〉(ϕ)) ∼= TopV (ε; γ1, . . . , γk) and L(u
〈0〉(ψ)) ∼= TopV (ε′; ξ1, . . . , ξl). By
the definition of D
〈0〉
±1 given in (7.1.1), we can easily check that M ⊗D
〈0〉
±1
∼= D
〈0〉
±1⊗M
as U
〈0〉
q -modules for any U
〈0〉
q -module M . As a consequence, we see that the highest
weight of V (ϕ, ψ) is same as the highest weight of V (εε′; γ1, . . . , γk, ξ1, . . . , ξl) given
by u〈0〉(ϕψ). 
8.12. We define a map ♭ : C[x]→ C[ω] (ϕ 7→ ϕ♭(ω)) by
ϕ♭(ω) = (1− γ1ω)(1− γ2ω) . . . (1− γkω)
if ϕ = βϕ(x−γ1)(x−γ2) . . . (x−γk). Then, Theorem 8.10 together with Proposition
6.6 implies the following corollary.
Corollary 8.13. For ϕ ∈ C[x]〈0〉, let v0 be a highest weight vector of L(u
〈0〉(ϕ)).
Then we have
Ψ+(ω) · v0 = βϕq
degϕϕ
♭(q−2ω)
ϕ♭(ω)
v0.
(Note that pt(q)(γ1, γ2, . . . , γk−1, 0) = pt(q)(γ1, γ2, . . . , γk−1) by Lemma 6.3 (i). )
Remark 8.14. Let C[x]D be the set of polynomials over C with an indeter-
minate variable x whose constant term is equal to 1. By [CP91, Theorem 3.4],
there is a bijection between C[x]D and isomorphism classes of finite dimensional
simple Uq(Lsl2)-modules of type 1. We call elements of C[x]
D Drinfeld polynomials.
For ϕ ∈ C[x]D, let LD(ϕ) be the corresponding finite dimensional simple Uq(Lsl2)-
module, We regard LD(ϕ) as a U
〈0〉
q -module through the injection Θ〈0〉. Then, we
see that LD(ϕ) is still simple as a U
〈0〉
q -module (cf. [MTZ, Remark 3.2]).
Let ♯ : C[x]D → C[x]〈0〉 (ϕ 7→ ϕ♯) be the injective map given by
((1− γ1x)(1− γ2x) . . . (1− γkx))
♯ = (x− γ1)(x− γ2) . . . (x− γk),
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where γi 6= 0 (1 ≤ i ≤ k). Then we see that L
D(ϕ) ∼= L(u〈0〉(ϕ♯)) as U
〈0〉
q -modules
by Corollary 8.13 and [CP91, Theorem 3.4].
§ 9. Finite dimensional simple modules of Uq(sl
〈Q〉
2 [x])
In this section, we classify the isomorphism classes of finite dimensional simple
modules of the algebra U
〈Q〉
q = Uq(sl
〈Q〉
2 [x]) in the case of rank one and of Q 6= 0.
9.1. For k ≥ 0, put J
〈Q〉
[k;0] = q
−k(k+1)Qk, For t = 1, 2, . . . , k, we define the element
J
〈Q〉
[k;t] ∈ U
〈Q〉
q inductively by
J
〈Q〉
[k;t] = q
t 1
[t]
t∑
z=1
(−1)z−1
(
Jz − q
2(k−t+z)Q−zJ0 + q
k−2(t−z)[k]Q−z
)
J
〈Q〉
[k;t−z].(9.1.1)
For examples, we have
J
〈Q〉
[1;0] = q
−2Q, J
〈Q〉
[1;1] = 1− qJ0 + q
−1QJ1,
J
〈Q〉
[2;0] = q
−6Q2, J
〈Q〉
[2;1] = q
−3[2]Q− q−1QJ0 + q
−5Q2J1,
J
〈Q〉
[2;2] = 1−
2q2 + 1
[2]
J0 + q
−2[2]QJ1 −
q−4
[2]
Q2J2 +
q3
[2]
J0J0 −QJ0J1 +
q−3
[2]
Q2J1J1.
We have the following relations in U
〈Q〉
q .
Lemma 9.2. For k ∈ Z>0, we have
X
+(k)
0 X
−(k+1)
0 ≡
k∑
z=0
(−1)k−zX−z (K
+)kJ
〈Q〉
[k;k−z] mod X+,
where X+ is the left ideal of U
〈Q〉
q generated by {X
+
t | t ≥ 0}.
Proof. See Appendix C. 
By using the above lemma, we have the following condition for L(u) to be finite
dimensional.
Proposition 9.3. Assume that Q 6= 0. For u = (λ, (ut)t>0) ∈ C
× ×
∏
t>0C, the
simple U
〈Q〉
q -module L(u) is finite dimensional if and only if there exist k ∈ Z≥0,
β ∈ C× and γ1, γ2, . . . , γk ∈ C such that
λ = βqk, ut =
{
β˜Q−t if k = 0,
p
〈Q〉
t (q; β)(γ1, γ2, . . . , γk) if k 6= 0
(t > 0),(9.3.1)
where we put β˜ = (q − q−1)−1(1− β−2).
Proof. We prove the only if part. Suppose that L(u) is finite dimensional. Let
v0 ∈ L(u) be a highest weight vector. By investigating the eigenvalues for the
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action of K+, there exists k ∈ Z≥0 such that X
−(k)
0 · v0 6= 0 and X
−(k+1)
0 · v0 = 0
since L(u) is finite dimensional.
In the case where k = 0, we can easily check that L(u) is one-dimensional. Then
the condition (9.3.1) follows from Proposition 7.3.
Assume that k > 0. Put β = λq−k. By Lemma 6.9, there exist γ1, γ2, . . . , γk ∈ C
such that ut = p
〈Q〉
t (q; β)(γ1, γ2, . . . , γk) for t = 1, 2, . . . , k. By the induction on t
using (9.1.1) and Lemma 6.10 (i), we can show that
J
〈Q〉
[k;t] · v0 = q
−k(k+1)Qket(γ1, γ2, . . . , γk)v0 (1 ≤ t ≤ k)(9.3.2)
where we note that (q2kJ0 − q
k[k]) · v0 = β˜v0.
By Lemma 9.2 and the relation (Q6), for t ≥ 0, we have
0 = X+t X
+(k)
0 X
−(k+1)
0 · v0 =
k∑
z=0
(−1)k−z(Jt+z −QJt+z+1)(K
+)k+1J
〈Q〉
[k;k−z] · v0.
Note that (K+)k+1J
〈Q〉
[k;k−z]·v0 = β
k+1Qkek−z(γ1, . . . , γk) by the choice of β and (9.3.2),
then the above equation implies that
Jk+t+1 · v0 = Q
−1Jk+t · v0 +
k−1∑
z=0
(−1)k−z+1(Jt+1+z −Q
−1Jt+z)ek−z(γ1, . . . , γk) · v0.
(9.3.3)
Then we can show that uk+t = p
〈Q〉
k+t(q; β)(γ1, . . . , γk) for t > 0 by the induction on t
using (9.3.3) and Lemma 6.10 (ii).
Next we prove the if part. Recall the algebra homomorphism ∆
〈Q〉
r : U
〈Q〉
q →
U
〈Q〉
q ⊗ U
〈0〉
q given in Theorem 3.9. In a similar way as in [CP91, Proposition 4.4],
we can show that
∆〈Q〉r (X
+
t′ ) ≡ X
+
t′ ⊗K
+ + 1⊗X+t′ + (q − q
−1)
t′∑
z=1
X+t′−z ⊗K
+Jz mod X
〈Q〉
+2 ⊗ X
〈0〉
− ,
∆〈Q〉r (Jt) ≡ Jt ⊗ 1 + 1⊗ Jt + (q − q
−1)
t−1∑
z=1
Jz ⊗ Jt−z mod X
〈Q〉
+ ⊗ X
〈0〉
− ,
(9.3.4)
for t′ ≥ 0 and t > 0, where X
〈Q〉
+2 (resp. X
〈Q〉
+ , X
〈Q〉
− ) is the left ideal of U
〈Q〉
q generated
by {X+s X
+
s′ | s, s
′ ≥ 0} (resp. {X+s | s ≥ 0}, {X
−
s | s ≥ 0}).
For γ1, γ2, . . . , γk ∈ C, put ϕ = (x − γ1)(x − γ2) . . . (x − γk) ∈ C[x]
〈0〉. Then
L(u〈0〉(ϕ)) is finite dimensional simple U
〈0〉
q -module by Theorem 8.10. Let v0 ∈
L(u〈0〉(ϕ)) be a highest weight vector. For β ∈ C×, we take the one-dimensional
U
〈Q〉
q -module D
〈Q〉
β = Cv. We consider the U
〈Q〉
q -module D
〈Q〉
β ⊗ L(u
〈0〉(ϕ)) through
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the homomorphism ∆
〈Q〉
r . Let V (β; γ1, . . . , γk) be the U
〈Q〉
q -submodule of D
〈Q〉
β ⊗
L(u〈0〉(ϕ)) generated by v ⊗ v0. Then we have X
+
t · (v ⊗ v0) = 0 for all t ≥ 0 by
(9.3.4). On the other hand, we have
Jt · (v ⊗ v0)
=
(
β˜Q−t + pt(q)(γ1, . . . , γk) + (q − q
−1)
t−1∑
z=1
β˜Q−zpt−z(q)(γ1, . . . , γk)
)
v ⊗ v0
for t > 0 by (9.3.4), where β˜ = (q − q−1)−1(1− β−2). Thus, we have Jt · (v ⊗ v0) =
p
〈Q〉
t (q; β)(γ1, . . . , γk) by (6.8.1) . We also see that K
+ · (v ⊗ v0) = βq
kv ⊗ v0. As
a consequence, the U
〈Q〉
q -module V (β; γ1, . . . , γk) is a highest weight module of the
highest weight u given by (9.3.1), and L(u) is a quotient of V (β; γ1, . . . , γk). Thus
L(u) is finite dimensional. 
9.4. In order to give a correspondence between the elements of C[x] and finite
dimensional simple U
〈Q〉
q -modules, We define a map u〈Q〉 : C[x]\{0} → C××
∏
t>0C
by
u〈Q〉(ϕ) =
{(
βϕ, (β˜ϕQ
−t)t>0
)
if degϕ = 0,(
βϕq
degϕ, (p
〈Q〉
t (q; βϕ)(γ1, γ2, . . . , γk))t>0
)
if degϕ > 0
for ϕ = βϕ(x−γ1)(x−γ2) . . . (x−γk) ∈ C[x]\{0}, where β˜ϕ = (q−q
−1)−1(1−β−2ϕ ).
Unfortunately, the map u〈Q〉 is not injective. In order to obtain an index set of
the isomorphism classes of finite dimensional simple U
〈Q〉
q -modules, we take a subset
C[x]〈Q〉 of C[x] as
C[x]〈Q〉 = {ϕ ∈ C[x] \ {0} | β−2ϕ Q
−1 is not a root of ϕ}.
Then we have the following proposition.
Proposition 9.5. (i) For ϕ, ϕ′ ∈ C[x] \ {0} such that degϕ ≥ degϕ′, we have
that u〈Q〉(ϕ) = u〈Q〉(ϕ′) if and only if
ϕ = q−(degϕ−degϕ
′)ϕ′
degϕ−degϕ′∏
z=1
(x− q−2(z−1)β−2ϕ Q
−1).
(ii) The restriction of u〈Q〉 to C[x]〈Q〉 is injective. Moreover, for any ϕ 6= 0 ∈
C[x], there exists the unique ϕ′ ∈ C[x]〈Q〉 such that u〈Q〉(ϕ) = u〈Q〉(ϕ′).
Proof. We prove the statement (i) by the induction on degϕ − degϕ′. For ϕ, ϕ′ ∈
C[x] \ {0}, write ϕ = βϕ(x − γ1)(x − γ2) . . . (x − γk) and ϕ
′ = βϕ′(x − γ
′
1)(x −
γ′2) . . . (x− γ
′
l).
First, we consider the case where k = l. In this case, it is clear that u〈Q〉(ϕ) =
u〈Q〉(ϕ′) if ϕ = ϕ′. Assume that u〈Q〉(ϕ) = u〈Q〉(ϕ′). If k = l = 0, we can easily
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check that ϕ = ϕ′ from definitions. If k = l > 0, the assumption u〈Q〉(ϕ) = u〈Q〉(ϕ′)
implies that βϕ = βϕ′ and
pt(q)(γ1, . . . , γk) = pt(q)(γ
′
1, . . . , γ
′
k)
+ (q − q−1)
t−1∑
z=1
β˜ϕQ
−t+z
(
(pz(q)(γ
′
1, . . . , γ
′
k)− pz(q)(γ1, . . . , γk)
)
for t > 0. Using this equation, we can prove that pt(q)(γ1, . . . , γk) = pt(q)(γ
′
1, . . . , γ
′
k)
for t > 0. Then we have ϕ = ϕ′ in the same way as the proof of Lemma 8.9. As a
consequence, we have ϕ = ϕ′ if u〈Q〉(ϕ) = u〈Q〉(ϕ′).
Next we consider the case where k = l + 1. If ϕ = q−1ϕ′(x − β−2ϕ Q
−1), we
have βϕ = q
−1βϕ′ and p
〈Q〉
t (q; βϕ)(γ1, . . . , γk) = p
〈Q〉
t (q; q
−1βϕ′)(γ
′
1, . . . , γ
′
l, β
−2
ϕ Q
−1)
for t > 0. On the other hand, we have
p
〈Q〉
t (q; q
−1βϕ′)(γ
′
1, . . . , γ
′
l, β
−2
ϕ Q
−1) = pt(q)(γ
′
1, . . . , γ
′
l, β
−2
ϕ Q
−1) +
1− q2β−2ϕ′
q − q−1
Q−t
+
t−1∑
z=1
(1− q2β−2ϕ′ )Q
−t+zpz(q)(γ
′
1, . . . , γ
′
l, β
−2
ϕ Q
−1)
by the definition (6.8.1). Applying Lemma 6.3 (i) to the right-hand side of the above
equation, we have
p
〈Q〉
t (q; βϕ)(γ1, . . . , γk)
= p
〈Q〉
t (q; q
−1βϕ′)(γ
′
1, . . . , γ
′
l, β
−2
ϕ Q
−1)
= pt(q)(γ
′
1, . . . , γ
′
l) +
1− β−2ϕ′
q − q−1
Q−t +
t−1∑
z=1
(1− β−2ϕ′ )Q
−t+zpz(q)(γ
′
1, . . . , γ
′
l)
= p
〈Q〉
t (q; βϕ′)(γ
′
1, . . . , γ
′
l).
Thus, we have u〈Q〉(ϕ) = u〈Q〉(ϕ′) if ϕ = q−1ϕ′(x− β−2ϕ Q
−1).
Assume that u〈Q〉(ϕ) = u〈Q〉(ϕ′). Then we have qβϕ = βϕ′ and
p
〈Q〉
t (q; βϕ)(γ1, . . . , γk) = p
〈Q〉
t (q; βϕ′)(γ
′
1, . . . , γ
′
l)(9.5.1)
for t > 0. We note that β˜ϕ′ = (q−q
−1)−1(1−q−2β−2ϕ ) = β˜ϕ+q
−1β−2ϕ since βϕ′ = qβϕ.
Then, by applying the definition (6.8.1) to both sides of (9.5.1), we have
pt(q)(γ1, . . . , γk)
= pt(q)(γ
′
1, . . . , γ
′
l) + q
−1β−2ϕ Q
−t + (q − q−1)
t−1∑
z=1
(β˜ϕ + q
−1β−2ϕ )Q
−t+zpz(q)(γ
′
1, . . . , γ
′
l)
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− (q − q−1)
t−1∑
z=1
β˜ϕQ
−t+zpz(q)(γ1, . . . , γk)
= pt(q)(γ
′
1, . . . , γ
′
l) + q
−1β−2tϕ Q
−t + q−1(q − q−1)
t−1∑
z=1
β−2(t−z)ϕ Q
−(t−z)pz(q)(γ
′
1, . . . , γ
′
l)
+ q−1(β−2ϕ − β
−2t
ϕ )Q
−t + (q − q−1)
t−1∑
z=1
(β˜ϕ + q
−1β−2ϕ − q
−1β−2(t−z)ϕ )Q
−t+zpz(q)(γ
′
1, . . . , γ
′
l)
− (q − q−1)
t−1∑
z=1
β˜ϕQ
−t+zpz(q)(γ1, . . . , γk).
Applying Lemma 6.3 (i), we have
pt(q)(γ1, . . . , γk)
= pt(q)(γ
′
1, . . . , γ
′
l, β
−2
ϕ Q
−1)
+ q−1(β−2ϕ − β
−2t
ϕ )Q
−t + (q − q−1)
t−1∑
z=1
(β˜ϕ + q
−1β−2ϕ − q
−1β−2(t−z)ϕ )Q
−t+zpz(q)(γ
′
1, . . . , γ
′
l)
− (q − q−1)
t−1∑
z=1
β˜ϕQ
−t+zpz(q)(γ1, . . . , γk).
(9.5.2)
Then, we can prove that pt(q)(γ1, . . . , γk) = pt(q)(γ
′
1, . . . , γ
′
l, β
−2
ϕ Q
−1) for t > 0 by
the induction on t using (9.5.2) with Lemma 6.3 (i). This equations imply that
(x − γ1) . . . (x − γk) = (x − γ
′
1) . . . (x − γ
′
l)(x − β
−2
ϕ Q
−1) in a similar way as in
the proof of Lemma 8.9. As a consequence, we have ϕ = q−1ϕ′(x − β−2ϕ Q
−1) if
u〈Q〉(ϕ) = u〈Q〉(ϕ′).
Finally, we consider the case where k > l + 1 by the induvtion on k − l. Put
ϕ′′ = q−1ϕ′(x − q2β−2ϕ′ Q
−1), and we have βϕ′′ = q
−1βϕ′ . Then, we have u
〈Q〉(ϕ′′) =
u〈Q〉(ϕ′) by the above argument. On the other hand, we have
u〈Q〉(ϕ) = u〈Q〉(ϕ′′)⇔ ϕ = q−(degϕ−degϕ
′′)ϕ′′
degϕ−degϕ′′∏
z=1
(x− q−2(z−1)β−2ϕ Q
−1)
= q−degϕ−degϕ
′
ϕ′
degϕ−degϕ′∏
z=1
(x− q−2(z−1)β−2ϕ Q
−1)
by the induction hypothesis. Thus, we have the statement (i).
The statement (ii) follows from the statement (i) and the definition of C[x]〈Q〉.

Proposition 9.3 and Proposition 9.5 imply the following theorem.
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Theorem 9.6. Assume that Q 6= 0. There exists the bijection between C[x]〈Q〉 and
the isomorphism classes of finite dimensional simple Uq(sl
〈Q〉
2 [x])-modules given by
ϕ 7→ L(u〈Q〉(ϕ)).
Corollary 9.7. For ϕ ∈ C[x]〈Q〉, let v0 be a highest weight vector of L(u
〈Q〉(ϕ)).
Then we have
Ψ+(ω) · v0 = q
degϕϕ
♭(q−2ω)
ϕ♭(ω)
(β−1ϕ −Qβϕω
−1)v0.
Proof. For ϕ ∈ C[x]〈Q〉, write ϕ = βϕ(x − γ1)(x − γ2) . . . (x − γk). By (2.6.2), for
t > 0, we have
Ψ+t · v0
= (q − q−1)K+(Jt −QJt+1) · v0
= (q − q−1)βϕq
degϕ
(
p
〈Q〉
t (q; βϕ)(γ1, . . . , γk)−Qp
〈Q〉
t+1(q; βϕ)(γ1, . . . , γk)
)
v0.
Applying (6.8.1), we have
Ψ+t · v0 = (q − q
−1)βϕq
degϕ
(
β−2ϕ pt(q)(γ1, . . . , γk)−Qpt+1(q)(γ1, . . . , γk)
)
v0
for t > 0, where we note that 1− (q − q−1)β˜ϕ = β
−2
ϕ . We also have
Ψ+−1 · v0 = −Qβϕq
degϕv0, Ψ
+
0 · v0 = βϕq
degϕ
(
β−2ϕ − (q − q
−1)Qp1(q)(γ1, . . . , γk)
)
v0.
Thus, we have
Ψ+(ω) · v0
=
{
−Qβϕq
degϕω−1 + βϕq
degϕ
(
β−2ϕ − (q − q
−1)Qp1(q)(γ1, . . . , γk)
)
+
∑
t>0
(q − q−1)βϕq
degϕ
(
β−2ϕ pt(q)(γ1, . . . , γk)−Qpt+1(q)(γ1, . . . , γk)
)
ωt
}
v0
= qdegϕ
(
1 + (q − q−1)
∑
t>0
pt(q)(γ1, . . . , γk)ω
t
)(
β−1ϕ −Qβϕω
−1
)
v0
= qdegϕ
ϕ♭(q−2ω)
ϕ♭(ω)
(β−1ϕ −Qβϕω
−1)v0
by Proposition 6.6. 
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§ 10. Finite dimensional simple modules of Uq(sl
〈Q〉
n [x])
In this section, we classify the isomorphism classes of finite dimensional simple
Uq(sl
〈Q〉
n [x])-modules. In this section, we denote by U
〈Q〉
q the (q,Q)-current algebra
Uq(sl
〈Q〉
n [x]) of rank n− 1 with a parameter Q = (Q1, . . . , Qn−1) ∈ C
n−1.
10.1. For each i ∈ I, we can easily check that there exists the algebra homo-
morphism ιi : Uq(sl
〈Qi〉
2 [x]) → U
〈Q〉
q such that ιi(X
±
t ) = X
±
i,t, ιi(Jt) = (Ji,t) and
ιi(K
±) = K±i . For u = ((λi, (ui,t)t>0))i∈I ∈ (C
× ×
∏
t>0C)
I , we regard the highest
weight simple U
〈Q〉
q -module L(u) as a Uq(sl
〈Qi〉
2 [x])-module through the homomor-
phism ιi. Let v0 ∈ L(u) be a highest weight vector. Then we can easily check
that the Uq(sl
〈Qi〉
2 [x])-submodule of L(u) generated by v0 is a highest weight simple
Uq(sl
〈Qi〉
2 [x])-module of the highest weight (λi, (ui,t)t>0). Thus, Theorem 8.10 and
Theorem 9.6 imply the following proposition.
Proposition 10.2. For u = ((λi, (ui,t)t>0))i∈I ∈ (C
× ×
∏
t>0 C)
I , if the highest
weight simple U
〈Q〉
q -module L(u) is finite dimensional, then there exists (ϕi)i∈I ∈∏
i∈I C[x]
〈Qi〉 such that ((λi, (ui,t)t>0))i∈I = (u
〈Qi〉(ϕi))i∈I .
10.3. Recall the algebra homomorphism ∆
〈Q〉
r : U
〈Q〉
q → U
〈Q〉
q ⊗ U
〈0〉
q given in
Theorem 3.9. In a similar way as in [CP91, Proposition 4.4], we can show that
∆〈Q〉r (X
+
i,t′) ≡ X
+
i,t′ ⊗K
+
i + 1⊗X
+
i,t′ + (q − q
−1)
t′∑
z=1
X+i,t′−z ⊗K
+
i Ji,z mod X
〈Q〉
+2 ⊗ X
〈0〉
− ,
∆〈Q〉r (Ji,t) ≡ Ji,t ⊗ 1 + 1⊗ Ji,t + (q − q
−1)
t−1∑
z=1
Ji,z ⊗ Ji,t−z mod X
〈Q〉
+ ⊗ X
〈0〉
− ,
(10.3.1)
for i ∈ I, t′ ≥ 0 and t > 0, where X
〈Q〉
+2 (resp. X
〈Q〉
+ , X
〈Q〉
− ) is the left ideal of U
〈Q〉
q
generated by {X+j,sX
+
j′,s′ | (j, s), (j
′, s′) ∈ I × Z≥0} (resp. {X
+
j,s | (j, s) ∈ I × Z≥0},
{X−j,s | (j, s) ∈ I × Z≥0}).
For (ϕi)i∈I ∈
∏
i∈I C[x]
〈Qi〉, write ϕi as ϕi = βϕi(x− γ
(i)
1 )(x− γ
(i)
2 ) . . . (x− γ
(i)
ki
)
for each i ∈ I. Put γi,p = q
i−2γ
(i)
p for i ∈ I and 1 ≤ p ≤ ki. We consider the
evaluation module V (ωi)
ev
〈0〉
γi,p at γi,p for i ∈ I and 1 ≤ p ≤ ki. Let v
(i)
p ∈ V (ωi)
ev
〈0〉
γi,p
be a highest weight vector. We also consider the one-dimensional U
〈Q〉
q -module
D
〈Q〉
β = Cv, where β = (βϕi)i∈I ∈
∏
i∈I B
〈Qi〉. Then we have the U
〈Q〉
q -module
D
〈Q〉
β ⊗
⊗
i∈I
⊗ki
p=1 V (ωi)
ev
〈0〉
γi,p through the algebra homomorphisms ∆
〈Q〉
r and ∆〈0〉.
Let V ((ϕi)i∈I) be the U
〈Q〉
q -submodule of D
〈Q〉
β ⊗
⊗
i∈I
⊗ki
p=1 V (ωi)
ev
〈0〉
γi,p generated by
v⊗ (v
(1)
1 ⊗ · · ·⊗ v
(1)
k1
)⊗ · · ·⊗ (v
(n−1)
1 ⊗ · · ·⊗ v
(n−1)
kn−1
). By Proposition 4.7 and (10.3.1),
we can show that V ((ϕi)i∈I) is a highest weight U
〈Q〉
q -module of the highest weight
(u〈Qi〉(ϕi))i∈I in a similar way as in the proofs of Proposition 8.7 and of Proposition
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9.3. Thus, the highest weight simple U
〈Q〉
q -module L((u〈Qi〉(ϕi))i∈I) is a quotient of
V ((ϕi)i∈I). In particular, it is finite dimensional. As a consequence, we have the
following proposition.
Proposition 10.4. For (ϕi)i∈I ∈
∏
i∈I C[x]
〈Qi〉, the highest weight simple U
〈Q〉
q -
module L((u〈Qi〉(ϕi))i∈I) is finite dimensional.
We have the following theorem by Proposition 10.2 and Proposition 10.4.
Theorem 10.5. There exists the bijection between
∏
i∈I C[x]
〈Qi〉 and the isomor-
phism classes of finite dimensional simple Uq(sl
〈Q〉
n [x])-modules given by (ϕi)i∈I 7→
L((u〈Qi〉(ϕi))i∈I).
Appendix A. A proof of Theorem 1.10
A.1. Let A = C[v, v−1] be the Laurent polynomial ring over C with an indeterminate
element v, and let K = C(v) be the quotient field of A. We also consider the
localization C[v](v=1) of the polynomial ring C[v] at v = 1.
For X ∈ {A,K,C[v](v=1)}, we define an associative algebra A
X over X by gener-
ators xi,t ((i, t) ∈ I × Z≥0) with defining relations
xi,t+1xj,s − v
aijxj,sxi,t+1 = v
aijxi,txj,s+1 − xj,s+1xi,t,
[xi,t, xj,s] = 0 if j 6= i, i± 1,
xi±1,u(xi,sxi,t + xi,txi,s) + (xi,sxi,t + xi,txi,s)xi±1,u = (v + v
−1)(xi,sxi±1,uxi,t + xi,txi±1,uxi,s).
(A.1.1)
For q ∈ C×, Let A be the scalar extension C⊗AA
A of AA through the ring homo-
morphism A → C (v 7→ q). Clearly, the algebra A is isomorphic to an associateive
algebra over C generated by xi,t ((i, t) ∈ I × Z≥0) with defining relations (A.1.1),
where we replace v with q. Then we have the surjective algebra homomorphisms
π+ : A → U+q,Q (xi,t 7→ X
+
i,t), π
− : Aopp → U−q,Q (xi,t 7→ X
−
i,t),
where Aopp is the opposite algebra of A.
A.2. Let Q =
⊕
i∈I Zαi be the root lattice of sln, and we put Q
+ =
∑
i∈I Z≥0αi.
¿From the definition, we see that the algebraAX is aQ-graded algebra with degQ(xi,t) =
αi, and A
X is also a Z-graded algebra with deg(xi,t) = t. Then the algebra A
X de-
composes into
AX =
⊕
γ∈Q+
⊕
s≥0
AXγ,s, A
X
γ,s := {x ∈ A
X | degQ(x) = γ, deg(x) = s}
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as X-modules. It is clear that, for each (γ, s) ∈ Q+ × Z≥0, the X-module A
X
γ,s is
generated by {xi1t1xi2,t2 . . . xik ,tk | αi1 + · · ·+ αik = γ, t1 + · · ·+ tk = s}, and A
X
γ,s is
finitely generated over X.
A.3. For (αi,j, t) ∈ ∆
+ × Z≥0, put
xαi,j (t) := [[. . . [[x
+
j−1,0, x
+
j−2,0]v, x
+
j−3,0]v, . . . , x
+
i+1,0]v, x
+
i,t]v
as an element of AX. For h ∈ H≥0, put
xh :=
→∏
(β,t)∈∆+×Z≥0
xβ(t)
h(β,t).
We also set
BX := {xh | h ∈ H≥0},
BXγ,s := {xh ∈ B
X |
∑
(β,t)∈∆+×Z≥0
h(β, t) · β = γ,
∑
(β,t)∈∆+×Z≥0
h(β, t) · t = s}.
A.4. Let Uv(Lsln) be the quantum loop algebra over K associated with sln. Then
we have an algebra homomorphism θ : AK → Uv(Lsln) by θ(xi,t) = ei,t. By [T,
Theorem 2.17], we see that the set {θ(xh) | h ∈ H≥0} is linearly independent, and
we have
dimKA
K
γ,s ≥ ♯B
K
γ,s(A.4.1)
for (γ, s) ∈ Q+ × Z≥0.
A.5. We note that the scalar extension C⊗C[v](v=1)A
C[v](v=1) through the ring homo-
morphism C[v](v=1) → C (v 7→ 1) is isomorphic to the universal enveloping algebra
of the positive part of the polynomial current Lie algebra sln[x]. Then, by the same
argument using (A.4.1) as one of [L, the proof of Proposition 1.13], we see that BKγ,s
gives a K-basis of AKγ,s for each (γ, s) ∈ Q
+ × Z≥0. As a consequence, we have the
following lemma.
Lemma A.6. The set BK gives a K-basis of AK, and the algebra homomorphism
θ : AK → Uv(Lsln) is injective.
A.7. For (β, t) ∈ ∆+ × Z≥0, put x˜β(t) := (v − v
−1)xβ(t) ∈ A
K, and we set x˜h :=∏→
(β,t)∈∆+×Z≥0
x˜β(t)
h(β,t) for h ∈ H≥0. Let A˜
A be the A-subalgebra of AK generated
by {x˜β(t) | (β, t) ∈ ∆
+ × Z≥0}. By definitions, we have {x˜h | h ∈ H≥0} ⊂ A˜
A, and
we see that the set {x˜h | h ∈ H≥0} ⊂ A˜
A is linearly independent over A thanks to
Lemma A.6. On the other hand, for any X ∈ A˜A, we can write X =
∑
h∈H≥0
chx˜h
(ch ∈ K) uniquely since A˜
A ⊂ AK and {x˜h | h ∈ H≥0} is a K-basis of A
K by Lemma
A.6. Then we have θ(X) =
∑
h∈H≥0
chθ(x˜h), and we see that ch ∈ A by [T, Theorem
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2.19 (b)], where we note that the element θ(x˜h) coincides with the element e˜h in [T,
Theorem 2.19 (b)] by definitions. As a consequence, we have the following lemma.
Lemma A.8. The set {x˜h | h ∈ H≥0} gives a free A-basis of A˜
A.
A.9. Recall that A = C ⊗A A
A through the ring homomorphism A → C (v 7→ q).
Note that A˜A ⊂ AA, this embedding induces the algebra homomorphism Φ : C ⊗A
A˜A → C⊗A A
A = A. On the other hand, we can check that there exists an algebra
homomorphism Ψ : A → C ⊗A A˜
A such that Ψ(xi,t) = (q − q
−1)−1 ⊗ x˜αi,i+1(t) if
q 6= ±1. Note that Ψ(xβ(t)) = (q − q
−1)−1 ⊗ x˜β(t) for any (β, t) ∈ ∆
+ × Z≥0, the
homomorphism Ψ is surjective. ¿From definitions, we have Φ ◦ Ψ(xi,t) = xi,t for
(i, t) ∈ I × Z≥0. Thus, the homomorphism Φ ◦Ψ is the identity. In particular, Ψ is
an isomorphism. As a consequence, we have the following proposition.
Proposition A.10. Assume that q 6= ±1, the set {xh | h ∈ H≥0} gives a C-basis of
A.
A.11. Let A0 be an associative algebra over C generated by {Ji,t, K
±
i | i ∈ I, t ∈
Z≥0} subject to the defining relations (Q1-1) and (Q1-2). Then we have the surjec-
tive algebra homomorphism
π0 : A0 → U0q,Q (Ji,t 7→ Ji,t, K
±
i 7→ K
±
i ).
By definition, we see easily that {KkJh0 | k ∈ Z
n−1, h0 ∈ H0} gives a C-basis of A
0,
where we use the same notation with one in §1.
By (1.7.1), we have the surjective linear map
π : Aopp ⊗C A
0 ⊗C A
π−⊗π0⊗π+
−−−−−−→ U−q,Q ⊗C U
0
q,Q ⊗C U
+
q,Q
multiplication
−−−−−−−→ U 〈Q〉q .
Moreover, we see that the set
{Θ〈Q〉 ◦ π(xh ⊗K
kJh0 ⊗ xh′) | h, h
′ ∈ H≥0, k ∈ Z
n−1, h0 ∈ H0}
is linearly independent by [FT, Proposition 5.1] and [T, Theorem 2.15]. Thus, the
set {π(xh ⊗K
kJh0 ⊗ xh′) | h, h
′ ∈ H≥0, k ∈ Z
n−1, h0 ∈ H0} is linearly independent.
Combining with Proposition A.10, we see that π (resp. π±, π0) is an isomorphism,
and we obtain Theorem 1.10.
Appendix B. A proof of Lemma 8.2
In this appendix, we give a proof of Lemma 8.2, so we consider some relations
of Uq(sl
〈0〉
2 [x]) in the case where rank one and Q = 0.
B.1. By the induction on k ≥ 0, we can show that
X+t+1X
+(k)
t = q
k 1
[2]
(J1X
+(k+1)
t −X
+(k+1)
t J1),(B.1.1)
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X
−(k)
t X
−
t+1 = −q
k 1
[2]
(J1X
−(k+1)
t −X
−(k+1)
t J1)(B.1.2)
for t ≥ 0, where we note that X
+(k)
t X
+
t+1 = q
−2kX+t+1X
+(k)
t by the relation (Q2). We
also remark that (B.1.2) follows from (B.1.1) by applying the algebra anti-involution
† given in Lemma 1.4. The relations (B.1.1) and (B.1.2) also hold in the case of
k = −1 if we put X
±(−1)
t = 0.
B.2. By the induction on k > 0, we can show that
X+1 X
−(k)
0 = X
−(k)
0 X
+
1 + q
−k+1X
−(k−1)
0 K
+J1 − q
−2(k−1)X
−(k−2)
0 X
−
1 K
+,(B.2.1)
X
+(k)
1 X
−
0 = X
−
0 X
+(k)
1 + q
−k+1K+J1X
+(k−1)
1 − q
−2(k−1)K+X+2 X
+(k−2)
1 ,(B.2.2)
where we put X
−(−1)
0 = X
+(−1)
1 = 0.
For k > 0, applying (B.2.1) and (B.2.2) to the right-hand side of the equation
X
+(k)
1 X
−(k+1)
0 = q
−k([k + 1]− q−1[k])X
+(k)
1 X
−(k+1)
0
= q−kX
+(k)
1 X
−
0 X
−(k)
0 − q
−k−1X
+(k−1)
1 X
+
1 X
−(k+1)
0 ,
we have
X
+(k)
1 X
−(k+1)
0
= q−k
{
X−0 X
+(k)
1 + q
−k+1K+J1X
+(k−1)
1 − q
−2(k−1)K+X+2 X
+(k−2)
1
}
X
−(k)
0
− q−k−1X
+(k−1)
1
{
X
−(k+1)
0 X
+
1 + q
−kX
−(k)
0 K
+J1 − q
−2kX
−(k−1)
0 X
−
1 K
+
}
.
Applying (B.1.1) and (B.1.2) to the right-hand side of this equation, we have
X
+(k)
1 X
−(k+1)
0
= q−k
1
[k]
X−0 X
+
1 X
+(k−1)
1 X
−(k)
0 + q
−2k 1
[2]
(
J1X
+(k−1)
1 X
−(k)
0 −X
+(k−1)
1 X
−(k)
0 J1
)
K+
− q−k−1X
+(k−1)
1 X
−(k+1)
0 X
+
1 .
(B.2.3)
B.3. We prove Lemma 8.2 by the induction on k. If k = 1, the statement follows
from (B.2.1). If k > 1, we have
X
+(k)
1 X
−(k+1)
0 ≡ q
−k 1
[k]
X−0 X
+
1
{
q−(k−1)k
k−1∑
z=0
(−1)zX−z (K
+)k−1J
〈0〉
[k−1−z]
}
+ q−2k
1
[2]
J1
{
q−(k−1)k
k−1∑
z=0
(−1)zX−z (K
+)k−1J
〈0〉
[k−1−z]
}
K+
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− q−2k
1
[2]
{
q−(k−1)k
k−1∑
z=0
(−1)zX−z (K
+)k−1J
〈0〉
[k−1−z]
}
J1K
+ mod X+
by applying the induction hypothesis to the right-hand side of the equation (B.2.3).
This equation together with the relations (Q6) and (1.5.2) implies that
X
+(k)
1 X
−(k+1)
0 ≡ q
−k2 1
[k]
X−0
k−1∑
z=0
(−1)z(K+)kJz+1J
〈0〉
[k−1−z]
+ q−k
2−k 1
[2]
k−1∑
z=0
(−1)z(X−z J1 − [2]X
−
z+1)(K
+)kJ
〈0〉
[k−1−z]
− q−k
2−k 1
[2]
k−1∑
z=0
(−1)zX−z (K
+)kJ1J
〈0〉
[k−1−z] mod X+
= q−k(k+1)X−0 (K
+)kqk
1
[k]
k−1∑
z=0
(−1)(z+1)−1Jz+1J
〈0〉
[k−(z+1)]
+ q−k(k+1)
k−1∑
z=0
(−1)z+1X−z+1(K
+)kJ
〈0〉
[k−(z+1)].
Note the definition (8.1.1), and this equation implies the statement of Lemma 8.2.
Appendix C. A proof of Lemma 9.2
Lemma C.1. For k ∈ Z>0 and t = 1, 2, . . . , k, we have
J
〈Q〉
[k;t] = (K
−)2J
〈Q〉
[k−1;t−1] + q
−2kQJ
〈Q〉
[k−1;t] if t < k,(C.1.1)
J
〈Q〉
[k;k] = q
−k 1
[k]
{
(QJ1 − q
2kJ0 + q
k[k])J
〈Q〉
[k−1;k−1] +
k−1∑
z=1
(−1)z−1(Jz −QJz+1)J
〈Q〉
[k−1;k−z−1]
}
.
(C.1.2)
Proof. We prove (C.1.1) by the induction on t. In the case where t = 1, we can
check (C.1.1) by direct calculations using definitions. Suppose that t > 1. Applying
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the induction hypothesis to the right-hand side of the definition (9.1.1), we have
J
〈Q〉
[k;t] = q
t 1
[t]
t−1∑
z=1
(−1)z−1
(
Jz − q
2(k−t+z)Q−zJ0 + q
k−2(t−z)[k]Q−z
)
×
{
(K−)2J
〈Q〉
[k−1;t−z−1] + q
−2kQJ
〈Q〉
[k−1;t−z]
}
+ qt
1
[t]
(−1)t−1
(
Jt − q
2kQ−tJ0 + q
k[k]Q−t
)
J
〈Q〉
[k;0]
= (K−)2qt
1
[t]
t−1∑
z=1
(−1)z−1
(
Jz − q
2(k−t+z)Q−zJ0 + q
k−2(t−z)[k]Q−z
)
J
〈Q〉
[k−1;t−z−1]
+ q−2kQqt
1
[t]
t∑
z=1
(−1)z−1
(
Jz − q
2(k−t+z)Q−zJ0 + q
k−2(t−z)[k]Q−z
)
J
〈Q〉
[k−1;t−z],
(C.1.3)
where we note that J
〈Q〉
[k;0] = q
−2kQJ
〈Q〉
[k−1;0] by definition. Note that
− q2(k−t+z)Q−zJ0 + q
k−2(t−z)[k]Q−z
= −
{
q2(k−1−t+z) + (q − q−1)q2(k−t+z)−1
}
Q−zJ0 +
{
qk−1−2(t−z)[k − 1] + q2(k−t+z)−1
}
Q−z
= −q2(k−1−t+z)Q−zJ0 + q
k−1−2(t−z)[k − 1]Q−z + q2(k−t+z)−1(K−)2Q−z
by the relation (Q1-2), and the equation (C.1.3) implies that
J
〈Q〉
[k;t] = (K
−)2qt
1
[t]
t−1∑
z=1
(−1)z−1
(
Jz − q
2(k−t+z)Q−zJ0 + q
k−2(t−z)[k]Q−z
)
J
〈Q〉
[k−1;t−z−1]
+ q−2kQqt
1
[t]
t∑
z=1
(−1)z−1
(
Jz − q
2(k−1−t+z)Q−zJ0 + q
k−1−2(t−z)[k − 1]Q−z
)
J
〈Q〉
[k−1;t−z]
+ q−2kQqt
1
[t]
t∑
z=1
(−1)z−1q2(k−t+z)−1(K−)2Q−zJ
〈Q〉
[k−1;t−z].
(C.1.4)
Note that
q−2kQqt
1
[t]
t∑
z=1
(−1)z−1q2(k−t+z)−1(K−)2Q−zJ
〈Q〉
[k−1;t−z]
= (K−)2qt
1
[t]
t∑
z=1
(−1)(z−1)−1(−q−2(t−(z−1))+1)Q−(z−1)J
〈Q〉
[k−1;t−(z−1)−1],
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and qk−2(t−z)[k]−q−2(t−z)+1 = q(k−1)−2(t−1−z)[k−1], then the equation (C.1.4) implies
that
J
〈Q〉
[k;t] = (K
−)2qt
1
[t]
t−1∑
z=1
(−1)z−1
(
Jz − q
2((k−1)−(t−1)+z)Q−zJ0 + q
(k−1)−2(t−1−z)[k − 1]Q−z
)
J
〈Q〉
[k−1;t−z−1]
+ q−2kQqt
1
[t]
t∑
z=1
(−1)z−1
(
Jz − q
2(k−1−t+z)Q−zJ0 + q
k−1−2(t−z)[k − 1]Q−z
)
J
〈Q〉
[k−1;t−z]
+ (K−)2qt
1
[t]
q−2t+1J
〈Q〉
[k−1;t−1].
Applying the definition (9.1.1), we have
J
〈Q〉
[k;t] = (K
−)2qt
1
[t]
q−t+1[t− 1]J
〈Q〉
[k−1;t−1] + q
−2kQJ
〈Q〉
[k−1;t] + (K
−)2qt
1
[t]
q−2t+1J
〈Q〉
[k−1;t−1]
= (K−)2J
〈Q〉
[k−1;t−1] + q
−2kQJ
〈Q〉
[k−1;t].
Next we prove (C.1.2). Applying (C.1.1) to the right-hand side of (9.1.1), we
have
J
〈Q〉
[k;k] = q
k 1
[k]
k−1∑
z=1
(−1)z−1
(
Jz − q
2zQ−zJ0 + q
−k+2z[k]Q−z
)
×
{
(K−)2J
〈Q〉
[k−1;k−z−1] + q
−2kQJ
〈Q〉
[k−1;k−z]
}
+ qk
1
[k]
(−1)k−1
(
Jk − q
2kQ−kJ0 + q
k[k]Q−k
)
J
〈Q〉
[k;0].
This implies that
J
〈Q〉
[k;k] = q
−k 1
[k]
k−2∑
z=1
(−1)z−1
{(
q2kJz − q
2k+2zQ−zJ0 + q
k+2z[k]Q−z
)
(K−)2
−
(
QJz+1 − q
2z+2Q−zJ0 + q
−k+2z+2[k]Q−z
)}
J
〈Q〉
[k−1;k−z−1]
+ q−k
1
[k]
(−1)k−1
{(
QJk − q
2kQ−k+1J0 + q
k[k]Q−k+1
)
−
(
q2kJk−1 − q
4k−2Q−k+1J0 + q
3k−2[k]Q−k+1
)
(K−)2
}
J
〈Q〉
[k−1;0]
+ q−k
1
[k]
(
QJ1 − q
2J0 + q
−k+2[k]
)
J
〈Q〉
[k−1;k−1]
= q−k
1
[k]
{
(QJ1 − q
2kJ0 + q
k[k])J
〈Q〉
[k−1;k−1] +
k−1∑
z=1
(−1)z−1(Jz −QJz+1)J
〈Q〉
[k−1;k−z−1]
}
+ q−k
1
[k]
k−2∑
z=1
(−1)z−1
{(
q2kJz − q
2k+2zQ−zJ0 + q
k+2z[k]Q−z
)
(K−)2
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−
(
QJz+1 − q
2z+2Q−zJ0 + q
−k+2z+2[k]Q−z
)
−
(
Jz −QJz+1
)}
J
〈Q〉
[k−1;k−z−1]
+ q−k
1
[k]
(−1)k−1
{(
QJk − q
2kQ−k+1J0 + q
k[k]Q−k+1
)
−
(
q2kJk−1 − q
4k−2Q−k+1J0 + q
3k−2[k]Q−k+1
)
(K−)2 +
(
Jk−1 −QJk
)}
J
〈Q〉
[k−1;0]
+ q−k
1
[k]
{(
QJ1 − q
2J0 + q
−k+2[k]
)
−
(
QJ1 − q
2kJ0 + q
k[k]
)}
J
〈Q〉
[k−1;k−1]
= q−k
1
[k]
{
(QJ1 − q
2kJ0 + q
k[k])J
〈Q〉
[k−1;k−1] +
k−1∑
z=1
(−1)z−1(Jz −QJz+1)J
〈Q〉
[k−1;k−z−1]
}
+ q−k
1
[k]
k−1∑
z=1
(−1)z−1
{
q2k
(
Jz − q
2zQ−zJ0 + q
−k+2z[k]Q−z
)
(K−)2
−
(
Jz − q
2z+2Q−zJ0 + q
−k+2z+2[k]Q−z
)}
J
〈Q〉
[k−1;k−z−1]
− q−k
1
[k]
{
qk+1(K−)2 − q−k+1
}
[k − 1]J
〈Q〉
[k−1;k−1],
where we use the relation (Q1-2) in the last term. Applying the definition (9.1.1)
to the last term of the above equation, we have
J
〈Q〉
[k;k] = q
−k 1
[k]
{
(QJ1 − q
2kJ0 + q
k[k])J
〈Q〉
[k−1;k−1] +
k−1∑
z=1
(−1)z−1(Jz −QJz+1)J
〈Q〉
[k−1;k−z−1]
}
+ q−k
1
[k]
k−1∑
z=1
(−1)z−1
{
qk+2z
(
[k]− q[k − 1]
)
(K−)2
−
(
− q2z+1(q − q−1)J0 + q
−k+2z+2([k]− q−1[k − 1])
)}
Q−zJ
〈Q〉
[k−1;k−z−1]
= q−k
1
[k]
{
(QJ1 − q
2kJ0 + q
k[k])J
〈Q〉
[k−1;k−1] +
k−1∑
z=1
(−1)z−1(Jz −QJz+1)J
〈Q〉
[k−1;k−z−1]
}
,
where we also use the relation (Q1-2). 
C.2. By the induction on k > 0, we can show that
X+0 X
−(k)
0
= X
−(k)
0 X
+
0 +X
−(k−1)
0 K
+(qk−1J0 − q
−k+1QJ1)− (X
−
0 − q
−2QX−1 )X
−(k−2)
0 K
+,
(C.2.1)
X
+(k)
0 X
−
0
= X−0 X
+(k)
0 +K
+(qk−1J0 − q
−k+1QJ1)X
+(k−1)
0 −K
+X
+(k−2)
0 (X
+
0 − q
−2QX+1 ),
(C.2.2)
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where we put X
+(−1)
0 = X
−(−1)
0 = 0. We remark that the relation (C.2.2) follows
from (C.2.1) by applying the algebra anti-involution † given in Lemma 1.4.
C.3. For k > 0, applying (C.2.1) and (C.2.2) to the right-hand side of the equation
X
+(k)
0 X
−(k+1)
0 = q
−k([k + 1]− q−1[k])X
+(k)
0 X
−(k+1)
0
= q−kX
+(k)
0 X
−
0 X
−(k)
0 − q
−k−1X
+(k−1)
0 X
+
0 X
−(k+1)
0 ,
we have
X
+(k)
0 X
−(k+1)
0 = q
−k
{
X−0 X
+(k)
0 +K
+(qk−1J0 − q
−k+1QJ1)X
+(k−1)
0
−K+X
+(k−2)
0 (X
+
0 − q
−2QX+1 )
}
X
−(k)
0
− q−k−1X
+(k−1)
0
{
X
−(k+1)
0 X
+
0 +X
−(k)
0 K
+(qkJ0 − q
−kQJ1)
− (X−0 − q
−2QX−1 )X
−(k−1)
0 K
+
}
.
We note that the relations (B.1.1) and (B.1.2) also hold in the case where Q 6= 0.
Applying the relations (Q2), (Q3), (B.1.1) and (B.1.2) to the right-hand side of the
above equation, we have
X
+(k)
0 X
−(k+1)
0
= q−k
1
[k]
X−0 X
+
0 X
+(k−1)
0 X
−(k)
0 +
(
q−3J0 − q
−2k 1
[2]
QJ1
)
X
+(k−1)
0 X
−(k)
0 K
+
−X
+(k−1)
0 X
−(k)
0
(
q−1J0 − q
−2k 1
[2]
QJ1 − q
−2
)
K+ − q−k−1X
+(k−1)
0 X
−(k+1)
0 X
+
0 .
(C.3.1)
C.4. We prove Lemma 9.2 by the induction on k. In the case where k = 1, the
statement follows from (C.2.1). Suppose that k > 1. By (C.3.1), we have
X
+(k)
0 X
−(k+1)
0 ≡ q
−k 1
[k]
X−0 X
+
0 X
+(k−1)
0 X
−(k)
0 +
(
q−3J0 − q
−2k 1
[2]
QJ1
)
X
+(k−1)
0 X
−(k)
0 K
+
−X
+(k−1)
0 X
−(k)
0
(
q−1J0 − q
−2k 1
[2]
QJ1 − q
−2
)
K+ mod X+.
Applying the induction hypothesis, we have
X
+(k)
0 X
−(k+1)
0
≡ q−k
1
[k]
X−0 X
+
0
{ k−1∑
z=0
(−1)k−z−1X−z (K
+)k−1J
〈Q〉
[k−1;k−z−1]
}
+
(
q−3J0 − q
−2k 1
[2]
QJ1
){ k−1∑
z=0
(−1)k−z−1X−z (K
+)k−1J
〈Q〉
[k−1;k−z−1]
}
K+
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−
{ k−1∑
z=0
(−1)k−z−1X−z (K
+)k−1J
〈Q〉
[k−1;k−z−1]
}(
q−1J0 − q
−2k 1
[2]
QJ1 − q
−2
)
K+ mod X+
≡ q−k
1
[k]
X−0
k−1∑
z=0
(−1)k−z−1
(
Jz −QJz+1
)
(K+)kJ
〈Q〉
[k−1;k−z−1]
+
k−1∑
z=0
(−1)k−z−1
{
q−3(q4X−z J0 − q
2[2]X−z )− q
−2k 1
[2]
Q(X−z J1 − [2]X
−
z+1)
}
(K+)kJ
〈Q〉
[k−1;k−z−1]
−
k−1∑
z=0
(−1)k−z−1X−z (K
+)kJ
〈Q〉
[k−1;k−z−1]
(
q−1J0 − q
−2k 1
[2]
QJ1 − q
−2
)
mod X+
where we use the relations (Q1-1), (Q1-2), (Q6), (1.5.2) and the fact X+s U
0
q,Q ⊂ X+
for all s ≥ 0 which follows from defining relations immediately. This equation implies
X
+(k)
0 X
−(k+1)
0
≡ (−1)kX−0 (K
+)k
{
q−k
1
[k]
k−1∑
z=0
(−1)−z−1(Jz −QJz+1)J
〈Q〉
[k−1;k−z−1] +
(
1− (q − q−1)J0
)
J
〈Q〉
[k−1;k−1]
}
+
k−1∑
z=1
(−1)k−zX−z (K
+)k
{
1− (q − q−1)J0
}
J
〈Q〉
[k−1;k−z−1]
+
k−1∑
z=0
(−1)k−(z+1)X−z+1(K
+)k
{
q−2kQ
}
J
〈Q〉
[k−1;k−(z+1)] mod X+
= (−1)kX−0 (K
+)k
× q−k
1
[k]
{(
QJ1 − q
2kJ0 + q
k[k]
)
J
〈Q〉
[k−1;k−1] +
k−1∑
z=1
(−1)−z−1(Jz −QJz+1)J
〈Q〉
[k−1;k−z−1]
}
+
k−1∑
z=1
(−1)k−zX−z (K
+)k
{
(K−)2J
〈Q〉
[k−1;k−z−1] + q
−2kQJ
〈Q〉
[k−1;k−z]
}
+X−k (K
+)k(q−2kQ)J
〈Q〉
[k−1;0],
where we note that 1 − (q − q−1)J0 = (K
−)2 by (Q1-2). Applying Lemma C.1, we
have
X
+(k)
0 X
−(k+1)
0 ≡
k∑
z=0
(−1)k−zX−z (K
+)kJ
〈Q〉
[k;k−z] mod X+,
where we note that J
〈Q〉
[k;0] = q
−2kQJ
〈Q〉
[k−1;0] by definition.
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Appendix D. The (q,Q)-current algebra Uq(gl
〈Q〉
n [x]) and cyclotomic
q-Schur algebras
In this appendix, we consider the (q,Q)-current algebra Uq(gl
〈Q〉
n [x]) associated
with the general linear Lie algebra gln. We show that the algebra Uq(gl
〈Q〉
n [x]) with
special parameters is isomorphic to the algebra Uq,Q̂(n) introduced in [W16] (see
Proposition D.10). We also give some connection with cyclotomic q-Schur algebras
according to [W16].
D.1. Recall that A = (aij)1≤i,j≤n−1 is the Cartan matrix of type An−1. We also
put a˜ii = 1, a˜i+1,i = −1 and a˜ij = 0 if i 6= j, j + 1 for 1 ≤ i, j ≤ n. We define the
(q,Q)-current algebra Uq(gl
〈Q〉
n [x]) associated with the general linear Lie algebra gln
as follows.
Definition D.2. For q ∈ C× and Q = (Q1, Q2, . . . , Qn−1) ∈ C
n−1, we define the
associative algebra Uq(gl
〈Q〉
n [x]) over C by the following generators and defining re-
lations:
Generators: X±i,t, I
±
j,t, K˜
±
j (1 ≤ i ≤ n− 1, 1 ≤ j ≤ n, t ∈ Z≥0),
Defining relations:
[K˜+i , K˜
+
j ] = [K˜
+
i , I
σ
j,t] = [I
σ
i,s, I
σ′
j,t] = 0 (σ, σ
′ ∈ {+,−}),(Q’1-1)
K˜+j K˜
−
j = 1 = K˜
−
j K˜
+
j , (K˜
±
j )
2 = 1± (q − q−1)I∓j,0,(Q’1-2)
X+i,t+1X
+
i,s − q
2X+i,sX
+
i,t+1 = q
2X+i,tX
+
i,s+1 −X
+
i,s+1X
+
i,t,
X+i,t+1X
+
i+1,s − q
−1X+i+1,sX
+
i,t+1 = X
+
i,tX
+
i+1,s+1 − qX
+
i+1,s+1X
+
i,t,
(Q’2)
X−i,t+1X
−
i,s − q
−2X−i,sX
−
i,t+1 = q
−2X−i,tX
−
i,s+1 −X
−
i,s+1X
−
i,t,
X−i+1,sX
−
i,t+1 − q
−1X−i,t+1X
−
i+1,s = X
−
i+1,s+1X
−
i,t − qX
−
i,tX
−
i+1,s+1,
(Q’3)
K˜+i X
+
j,tK˜
−
i = q
a˜ijX+j,t,(Q’4-1)
q±a˜ijI±i,0X
+
j,t − q
∓a˜ijX+j,tI
±
i,0 = a˜ijX
+
j,t,(Q’4-2)
[I±i,s+1, X
+
j,t] = q
±a˜ijI±i,sX
+
j,t+1 − q
∓a˜ijX+j,t+1I
±
i,s,(Q’4-3)
K˜+i X
−
j,tK˜
−
i = q
−a˜ijX±j,t,(Q’5-1)
q∓a˜ijI±i,0X
−
j,t − q
±a˜ijX−j,tI
±
i,0 = −a˜ijX
−
j,t,(Q’5-2)
[I±i,s+1, X
−
j,t] = q
∓a˜ijI±i,sX
−
j,t+1 − q
±a˜ijX−j,t+1I
±
i,s,(Q’5-3)
[X+i,t, X
−
j,s] = δi,jK
+
i (Ji,s+t −QiJi,s+t+1),(Q’6)
[X+i,t, X
+
j,s] = 0 if j 6= i, i± 1,(Q’7)
X+i±1,u(X
+
i,sX
+
i,t +X
+
i,tX
+
i,s) + (X
+
i,sX
+
i,t +X
+
i,tX
+
i,s)X
+
i±1,u
= (q + q−1)(X+i,sX
+
i±1,uX
+
i,t +X
+
i,tX
+
i±1,uX
+
i,s),
[X−i,t, X
−
j,s] = 0 if j 6= i, i± 1,(Q’8)
X−i±1,u(X
−
i,sX
−
i,t +X
−
i,tX
−
i,s) + (X
−
i,sX
−
i,t +X
−
i,tX
−
i,s)X
−
i±1,u
= (q + q−1)(X−i,sX
−
i±1,uX
−
i,t +X
−
i,tX
−
i±1,uX
−
i,s),
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where we put K+i = K˜
+
i K˜
−
i+1, K
−
i = K˜
−
i K˜
+
i+1,
Ji,t =

I+i,0 − I
−
i+1,0 + (q − q
−1)I+i,0I
−
i+1,0 if t = 0,
q−tI+i,t − q
tI−i+1,t − (q − q
−1)
t−1∑
z=1
q−t+2zI+i,t−zI
−
i+1,z if t > 0.
Remark D.3. In the case where q = 1, let I be the two-sided ideal of U1(gl
〈Q〉
n [x])
generated by {K˜+j − 1, I
+
j,t − I
−
j,t | 1 ≤ j ≤ n, t ∈ Z≥0}. Then we see easily that
U1(gl
〈Q〉
n [x])/I is isomorphic to the universal envelope algebra of the deformed cur-
rent Lie algebra gl〈Q〉n [x] given in [W18, Definition 1.1].
¿From the defining relations, we can easily check the following lemma.
Lemma D.4. There exists the algebra anti-involution † : Uq(gl
〈Q〉
n [x])→ Uq(gl
〈Q〉
n [x])
such that †(X±i,t) = X
∓
i,t, †(I
±
j,t) = I
±
j,t and †(K˜
±
j ) = K˜
±
j for 1 ≤ i ≤ n− 1, 1 ≤ j ≤ n
and t ∈ Z≥0.
Lemma D.5. We have the following relations in Uq(gl
〈Q〉
n [x]).
(i) K+i X
±
j,tK
−
i = q
±aijX±j,t.
(ii) (K−i )
2 = 1− (q − q−1)Ji,0.
(iii) q±aijJi,0X
±
j,t − q
∓aijX±j,tJi,0 = [±aij ]X
±
j,t.
(iv) [Ji,s+1, X
+
j,t] = q
2a˜i,jJi,sX
+
j,t+1 − q
2a˜i+1,jX+j,t+1Ji,s.
(v) [Ji,s+1, X
−
j,t] = q
2a˜i+1,jJi,sX
−
j,t+1 − q
2a˜i,jX−j,t+1Ji,s.
Proof. Note that K±i = K˜
±
i K˜
∓
i+1, then the relation (i) follows from the relations
(Q’1-1), (Q’4-1) and (Q’5-1) immediately. We also have the relation (ii) by direct
calculation using the relations (Q’1-1) and (Q’1-2). By the relations (i) and (ii), we
have
Ji,0X
±
j,t =
1− (K−i )
2
q − q−1
X±j,t = X
±
j,t
1− q∓2aij (K−i )
2
q − q−1
=
1− q∓2aij
q − q−1
X±j,t + q
∓2aijXj,tJi,0.
This implies the relation (iii). We prove (iv). By the definition of Ji,s+1, we have
Ji,s+1X
+
j,t =
(
q−(s+1)I+i,s+1 − q
s+1I−i+1,s+1 − (q − q
−1)
s∑
z=1
q−(s+1)+2zI+i,s−z+1I
−
i+1,z
)
X+j,t.
Applying the relation (Q’4-3), we have
Ji,s+1X
+
j,t
= X+j,t
(
q−(s+1)I+i,s+1 − q
s+1I−i+1,s+1 − (q − q
−1)
s∑
z=1
q−(s+1)+2zI+i,s−z+1I
−
i+1,z
)
+ q−(s+1)
(
qa˜ijI+i,sX
+
j,t+1 − q
−a˜ijX+j,t+1I
+
i,s
)
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− qs+1
(
q−a˜i+1,jI−i+1,sX
+
j,t+1 − q
a˜i+1,jX+j,t+1I
−
i+1,s
)
− (q − q−1)
s∑
z=1
q−(s+1)+2z
(
qa˜ijI+i,s−zX
+
j,t+1I
−
i+1,z − q
−a˜ijX+j,t+1I
+
i,s−zI
−
i+1,z
+ q−a˜i+1,jI+i,s−z+1I
−
i+1,z−1X
+
j,t+1 − q
a˜i+1,jI+i,s−z+1X
+
j,t+1I
−
i+1,z−1
)
= X+j,tJi,s+1 +
{
qa˜ij−s−1I+i,s − q
−a˜i+1,j+s+1I−i+1,s
− (q − q−1)
s∑
z=1
q−a˜i+1,j−s+2z−1I+i,s−z+1I
−
i+1,z−1
}
X+j,t+1
−X+j,t+1
{
q−a˜ij−s−1I+i,s − q
a˜i+1,j+s+1I−i+1,s − (q − q
−1)
s∑
z=1
q−a˜ij−s+2z−1I+i,s−zI
−
i+1,z
}
− (q − q−1)
s∑
z=1
q−(s+1)+2z
(
qa˜ijI+i,s−zX
+
j,t+1I
−
i+1,z − q
a˜i+1,jI+i,s−z+1X
+
j,t+1I
−
i+1,z−1
)
,
where we note that
s∑
z=1
q−(s+1)+2z
(
qa˜ijI+i,s−zX
+
j,t+1I
−
i+1,z − q
a˜i+1,jI+i,s−z+1X
+
j,t+1I
−
i+1,z−1
)
=
s−1∑
z=1
q−(s+1)+2z(qa˜ij − qa˜i+1,j+2)I+i,s−zX
+
j,t+1I
−
i+1,z
+ qa˜ij+s−1I+i,0X
+
j,t+1I
−
i+1,s − q
a˜i+1,j−s+1I+i,sX
+
j,t+1I
−
i+1,0.
Thus, we have
[Ji,s+1, X
+
j,t]
=
{
qa˜ij−s−1I+i,s − q
−a˜i+1,j+s+1I−i+1,s − (q − q
−1)
s−1∑
z=1
q−a˜i+1,j−s+2z+1I+i,s−zI
−
i+1,z
}
X+j,t+1
−X+j,t+1
{
q−a˜ij−s−1I+i,s − q
a˜i+1,j+s+1I−i+1,s − (q − q
−1)
s−1∑
z=1
q−a˜ij−s+2z−1I+i,s−zI
−
i+1,z
}
− (q − q−1)
s−1∑
z=1
q−(s+1)+2z(qa˜ij − qa˜i+1,j+2)I+i,s−zX
+
j,t+1I
−
i+1,z
− qs−1(q − q−1)
(
qa˜ijI+i,0X
+
j,t+1 − q
−a˜ijX+j,t+1I
+
i,0
)
I−i+1,s
+ q−s+1(q − q−1)I+i,s
(
qa˜i+1,jX+j,t+1I
−
i+1,0 − q
−a˜i+1,jI−i+1,0X
+
j,t+1
)
.
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Applying Ji,s = q
−sI+i,s − q
sI−i+1,s − (q − q
−1)
∑s−1
z=1 q
−s+2zI+i,s−zI
−
i+1,z and the relation
(Q’4-2), we have
[Ji,s+1, X
+
j,t] = q
−a˜i+1,j+1Ji,sX
+
j,t+1 + q
−s(qa˜ij−1 − q−a˜i+1,j+1)I+i,sX
+
j,t+1
− q−a˜ij−1X+j,t+1Ji,s + q
s(qa˜i+1,j+1 − q−a˜ij−1)X+j,t+1I
−
i+1,s
− (q − q−1)
s−1∑
z=1
q−s+2z(qa˜ij−1 − qa˜i+1,j+1)I+i,s−zX
+
j,t+1I
−
i+1,z
− a˜ijq
s−1(q − q−1)X+j,t+1I
−
i+1,s − a˜i+1,jq
−s+1(q − q−1)I+i,sX
+
j,t+1.
(D.5.1)
On the other hand, by (Q’4-2) and (Q’4-3), we have
I+i,uX
+
j,t+1 = X
+
j,t+1I
+
i,u if i 6= j, j + 1,
X+j,t+1I
−
i+1,u = I
−
i+1,uX
+
j,t+1 if i 6= j − 1, j
(D.5.2)
for u ≥ 0. Then, the equations (D.5.1) and (D.5.2) imply the relation (iv). The
relation (v) follows from (iv) by applying the algbera anti-involution †. 
Proposition D.6. Put Q[q] = (q
−1Q1, q
−2Q2, . . . , q
−(n−1)Qn−1). Then, there exists
the algebra homomorphism Υ〈Q〉 : Uq(sl
〈Q[q]〉
n [x])→ Uq(gl
〈Q〉
n [x]) such that
Υ〈Q〉(X±i,t) = q
tiX±i,t, Υ
〈Q〉(Ji,t) = q
tiJi,t, Υ
〈Q〉(K±i ) = K
±
i .
Proof. We can check the well-defindness of the homomorphism Υ〈Q〉 by direct cal-
culations using the defining relations of Uq(gl
〈Q〉
n [x]) and Lemma D.5. 
D.7. For q ∈ C× and Q̂ = (Q̂0, Q̂1, . . . , Q̂r−1) ∈ C
r, let Hm,r be the Ariki-Koike
algebra associated to the complex reflection group Sm⋉ (Z/rZ)
m of type G(r, 1, m)
with parameters q and Q̂. Namely, Hm,r is the associative algebra over C generated
by T0, T1, . . . , Tm−1 subject to the defining relations
(T0 − Q̂0)(T0 − Q̂1) . . . (T0 − Q̂r−1) = 0, (Ti − q)(Ti + q
−1) = 0 (1 ≤ i ≤ m− 1),
T0T1T0T1 = T1T0T1T0, TiTi+1Ti = Ti+1TiTi+1 (1 ≤ i ≤ m− 2),
TiTj = TjTi (|i− j| > 1).
For n = (n1, n2, . . . , nr) ∈ Z
r
>0, let Sm,r(n) be the cyclotomic q-Schur algebra
associated to the Ariki-Koike algebra Hm,r with respect to n defined in [DJM] (see
also [W16, §6] for definitions).
An r-tuple of partitions λ = (λ(1), . . . , λ(r)) is called an r-partition. For an r-
partition λ = (λ(1), . . . , λ(r)), we denote
∑r
k=1 |λ
(k)| by |λ|, and we call it the size
of λ. Set Λ+m,r = {λ = (λ
(1), . . . , λ(r)) : r-partition | |λ| = m, ℓ(λ(r)) ≤ nr}. For
λ ∈ Λ+m,r, let ∆(λ) be the Weyl (cell) module corresponding to λ constructed in
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[DJM]. It is known that Sm,r(n) is a quasi-hereditary cellular algebra with the set
of standard modules {∆(λ) | λ ∈ Λ+m,r} if nk ≥ m for all k by [DJM].
D.8. For n = (n1, . . . , nr) ∈ Z
r
>0, set n = n1 + · · · + nr, Γ (n) = {(i, k) | 1 ≤ i ≤
nk, 1 ≤ k ≤ r} and Γ
′(n) = Γ (n) \ {(nr, r)}. We identify Γ (n) with {1, 2, . . . , n}
by the bijection
ξ : Γ (n)→ {1, 2, . . . , n} such that ξ(i, k) =
k−1∑
j=1
nj + i.
Namely, Γ (n) gives the separation of the set {1, 2, . . . , n} to r-parts with respect to
n. Under this identification, we regard (nk + 1, k) (resp. (0, k)) as (1, k + 1) (resp.
(nk−1, k − 1)). For (i, k), (j, l) ∈ Γ (n), set a˜(i,k)(j,l) = a˜ξ(i,k),ξ(j,l). By [W16], the
cyclotomic q-Schur algebra Sm,r(n) is realized as a quotient of the algebra Uq,Q̂(n)
defined as follows.
Definition D.9 ([W16, Definition 4.2]). We define the associative algebra Uq,Q̂(n)
over C by the following generators and defining relations:
Generators: X±(i,k),t, I
±
(j,l),t, K˜
±
(j,l) ((i, k) ∈ Γ
′(n), (j, l) ∈ Γ (n), t ∈ Z≥0),
Defining relations:
K˜+(j,l)K˜
−
(j,l) = 1 = K˜
−
(j,l)K˜
+
(j,l), (K˜
±
(j,l))
2 = 1± (q − q−1)I∓(j,l),0,(R1)
[K˜+(i,k), K˜
+
(j,l)] = [K˜
+
(i,k), I
σ
(j,l),t] = [I
σ
(i,k),s, I
σ′
(j,l),t] = 0 (σ, σ
′ ∈ {+,−}),(R2)
K˜+(i,k)X
±
(j,l),tK˜
−
(i,k) = q
±a˜(i,k)(j,l)X±(j,l),t,(R3)
q±a˜(i,k)(j,l)I±(i,k),0X
+
(j,l),t − q
∓a˜(i,k)(j,l)X+(j,l),tI
±
(i,k),0 = a˜(i,k)(j,l)X
+
(j,l),t,
q∓a˜(i,k)(j,l)I±(i,k),0X
−
(j,l),t − q
±a˜(i,k)(j,l)X−(j,l),tI
±
(i,k),0 = −a˜(i,k)(j,l)X
−
(j,l),t,
(R4)
[I±(i,k),s+1,X
+
(j,l),t] = q
±a˜(i,k)(j,l)I±(i,k),sX
+
(j,l),t+1 − q
∓a˜(i,k)(j,l)X+(j,l),t+1I
±
(i,k),s,
[I±(i,k),s+1,X
−
(j,l),t] = q
∓a˜(i,k)(j,l)I±(i,k),sX
−
(j,l),t+1 − q
±a˜(i,k)(j,l)X−(j,l),t+1I
±
(i,k),s,
(R5)
(R6)
[X+(i,k),t,X
−
(j,l),s] = δ(i,k)(j,l)
{
K+(i,k)J(i,k),s+t if i 6= nk,
−Q̂kK
+
(nk ,k)
J(nk,k),s+t +K
+
(nk,k)
J(nk,k),s+t+1 if i = nk,
[X±(i,k),t,X
±
(j,l),s] = 0 if (j, l) 6= (i, k), (i± 1, k),
X±(i,k),t+1X
±
(i,k),s − q
±2X±(i,k),sX
±
(i,k),t+1 = q
±2X±(i,k),tX
±
(i,k),s+1 −X
±
(i,k),s+1X
±
(i,k),t,
X+(i,k),t+1X
+
(i+1,k),s − q
−1X+(i+1,k),sX
+
(i,k),t+1 = X
+
(i,k),tX
+
(i+1,k),s+1 − qX
+
(i+1,k),s+1X
+
(i,k),t,
X−(i+1,k),sX
−
(i,k),t+1 − q
−1X−(i,k),t+1X
−
(i+1,k),s = X
−
(i+1,k),s+1X
−
(i,k),t − qX
−
(i,k),tX
−
(i+1,k),s+1,
(R7)
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X+(i±1,k),u(X
+
(i,k),sX
+
(i,k),t + X
+
(i,k),tX
+
(i,k),s) + (X
+
(i,k),sX
+
(i,k),t + X
+
(i,k),tX
+
(i,k),s)X
+
(i±1,k),u
= (q + q−1)(X+(i,k),sX
+
(i±1,k),uX
+
(i,k),t + X
+
(i,k),tX
+
(i±1,k),uX
+
(i,k),s),
X−(i±1,k),u(X
−
(i,k),sX
−
(i,k),t + X
−
(i,k),tX
−
(i,k),s) + (X
−
(i,k),sX
−
(i,k),t + X
−
(i,k),tX
−
(i,k),s)X
−
(i±1,k),u
= (q + q−1)(X−(i,k),sX
−
(i±1,k),uX
−
(i,k),t + X
−
(i,k),tX
−
(i±1,k),uX
−
(i,k),s),
(R8)
where we put K+(i,k) = K˜
+
(i,k)K˜
−
(i+1,k), K
−
(i,k) = K˜
−
(i,k)K˜
+
(i+1,k) and
J(i,k),t =

I+(i,k),0 − I
−
(i+1,k),0 + (q − q
−1)I+(i,k),0I
−
(i+1,k),0 if t = 0,
q−tI+(i,k),t − q
tI−(i+1,k),t − (q − q
−1)
t−1∑
z=1
q−t+2zI+(i,k),t−zI
−
(i+1,k),z if t > 0.
We remark that the parameter Q̂0 does not appear, and we do not need it, in
the definition of the algebra Uq,Q̂(n). The parameter Q̂0 appears in the algebra
homomorphism from Uq,Q̂(n) to the cyclotomic q-Schur algebra Sm,r(n) given in
[W16, Theorem 8.1].
We can easily prove the following proposition by checking defining relations.
Proposition D.10. Assume that Q̂i 6= 0 for all 1 ≤ i ≤ r − 1. Set Q
′ =
(Q′1, Q
′
2, . . . , Q
′
n−1) ∈ C
n−1 as
Q′i =
{
Q̂−1k if ξ
−1(i) = (nk, k) for some k,
0 otherwise.
(D.10.1)
Then, there exists the algebra isomorphism Ω
〈Q̂〉
n : Uq(gl
〈Q′〉
n [x])→ Uq,Q̂(n) such that
Ω〈Q̂〉n (X
+
i,t) =
{
X+
ξ−1(i),t if ξ
−1(i) 6= (nk, k) for all k,
−Q̂−1k X
+
ξ−1(i),t if ξ
−1(i) = (nk, k) for some k,
Ω〈Q̂〉n (X
−
i,t) = X
−
ξ−1(i),t, Ω
〈Q̂〉
n (I
±
j,t) = I
±
ξ−1(j),t, Ω
〈Q̂〉
n (K˜
±
j ) = K˜
±
ξ−1(j).
D.11. Let Ψ
〈Q̂〉
n : Uq,Q̂(n)→ Sm,r(n) be the algebra homomorphism given in [W16,
Theorem 8.1]. Assume that Q̂i 6= 0 for all 1 ≤ i ≤ r− 1. Set Q
′ = (Q′1, . . . , Q
′
n−1) ∈
Cn−1 as (D.10.1), and put Q = (Q1, Q2, . . . , Qn−1) = Q
′
[q]. Namely, we have
Qi =
{
q−(n1+···+nk)Q̂−1k if ξ
−1(i) = (nk, k) for some k,
0 otherwise.
(D.11.1)
Then, we have the algebra homomorphism
Φ〈Q̂〉n := Ψ
〈Q̂〉
n ◦ Ω
〈Q̂〉
n ◦Υ
〈Q′〉 : Uq(sl
〈Q〉
n [x])→ Sm,r(n).(D.11.2)
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Through the algebra homomorphism Φ
〈Q̂〉
n , we regardSm,r(n)-modules as Uq(sl
〈Q〉
n [x])-
modules.
Proposition D.12. Assume that q is not a root of unity, and nk ≥ m for all k.
For λ ∈ Λ+m,r, the Weyl module ∆(λ) is a highest weight Uq(sl
〈Q〉
n [x])-module, and
the highest weight of ∆(λ) is given by (u〈Qi〉(ϕi))i∈I , where
ϕi =

λ
(k)
j −λ
(k)
j+1∏
p=1
(
x− qi−2j+2λ
(k)
j −2(p−1)Q̂k−1
)
if i =
k−1∑
l=1
nl + j for some k and 1 ≤ j < nk,
q−λ
(k+1)
1
λ
(k)
nk∏
p=1
(
x− qi−2nk+2λ
(k)
nk
−2(p−1)Q̂k−1
)
if i =
k∑
l=1
nl for some k.
Proof. By the definition of Φ
〈Q̂〉
n together with the argument in [W16], we see that
the Weyl module ∆(λ) (λ ∈ Λ+m,r) is a highest weight Uq(sl
〈Q〉
n [x])-module. Let
v0 ∈ ∆(λ) be a highest weight vector. For i ∈ I, put (j, k) = ξ
−1(i). Then, by
[W16, Theorem 8.3] together with the definition of Φ
〈Q̂〉
n , we have
Ki · v0 = K˜
+
(j,k)K˜
−
(j+1,k) · v0 =
{
qλ
(k)
j −λ
(k)
j+1v0 if j 6= nk,
qλ
(k)
nk
−λ
(k+1)
1 v0 if j = nk,
Ji,t · v0 = q
ti
(
q−tI+(j,k),t − q
tI−(j+1,k),t − (q − q
−1)
t−1∑
z=1
q−t+2zI+(j,k),t−zI
−
(j+1,k),z
)
· v0
=

q(i−2j)t(Q̂k−1)
t
{
q(2t−1)λ
(k)
j [λ
(k)
j ]− q
λ
(k)
j+1 [λ
(k)
j+1]
−(q − q−1)
t−1∑
z=1
q(2(t−z)−1)λ
(k)
j +λ
(k)
j+1[λ
(k)
j ][λ
(k)
j+1]
}
if j 6= nk,
q(i−2j)t
{
(Q̂k−1)
tq(2t−1)λ
(k)
j [λ
(k)
j ]− (Q̂k)
tq2jt+λ
(k+1)
1 [λ
(k+1)
1 ]
−(q − q−1)
t−1∑
z=1
(Q̂k−1)
t−z(Q̂k)
zq2jz+(2(t−z)−1)λ
(k)
j +λ
(k+1)
1 [λ
(k)
j ][λ
(k+1)
1 ]
}
if j = nk
=

q(i−2j+2λ
(k)
j )t(Q̂k−1)
tq−(λ
(k)
j −λ
(k)
j+1)[λ
(k)
j − λ
(k)
j+1] if j 6= nk,
q(i−2j+2λ
(k)
j )t(Q̂k−1)
tq−λ
(k)
j [λ
(k)
j ] +
(
− qλ
(k+1)
1 [λ
(k+1)
1 ]
)
(q−iQ̂−1k )
−t
+(q − q−1)
t−1∑
z=1
(
− qλ
(k+1)
1 [λ
(k+1)
1 ]
)
(q−iQ̂−1k )
−z
×
(
q(i−2j+2λ
(k)
j )(t−z)(Q̂k−1)
t−zq−λ
(k)
j [λ
(k)
j ]
)
if j = nk.
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On the other hand, for b ∈ C and c, z ∈ Z>0, we can show that
pz(q)(b, bq
−2·1, bq−2·2, . . . , bq−2·(c−1)) = bzq−c[c]
by the induction on c using Lemma 6.3 (i). Thus, we have
Ji,t · v0 =

pt
(
b, bq−2·1, . . . , bq−2·(λ
(k)
j −λ
(k)
j+1−1)
)
if j 6= nk,
pt
(
b, bq−2·1, . . . , bq−2·(λ
(k)
j −1)
)
+ β˜Q−ti
+(q − q−1)
t−1∑
z=1
β˜Q−zi pt−z
(
b, bq−2·1, . . . , bq−2·(λ
(k)
j −1)
)
if j = nk,
where we put b = q(i−2j+2λ
(k)
j )(Q̂k−1) and β˜ = −q
λ
(k+1)
1 [λ
(k+1)
1 ], and we note that
Qi = q
−iQ̂−1k if j = nk by (D.11.1). Moreover, applying the definition (6.8.1) to the
above equation in the case where j = nk, we have
Ji,t · v0 = p
〈Qi〉
t (q; β)(b, bq
−2·1, . . . , bq−2·(λ
(k)
j −1)) if j = nk,
where β = q−λ
(k+1)
1 since β˜ = −qλ
(k+1)
1 [λ
(k+1)
1 ] = (1 − q
2λ
(k+1)
1 )(q − q−1)−1. Note that
i =
∑k−1
l=1 nl + j since (j, k) = ξ
−1(i), then we obtain the proposition. 
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